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Abstract. We introduce a new family of graded quiver varieties to- 
gether with a new f-deformation of the associated Grothendieck rings. 
We generahze Nakajima's t-analogue of g-characters to these construc- 
tions. This allows a graded monoidal pseudo-categorification approach 
to bases of certain quantum cluster algebras. When the initial seed 
is acyclic, for any choice of coefficients and quantization, we obtain a 
generic basis, a dual PBW basis, and a dual canonical basis with positive 
structure constants. As a by-product, we obtain the quantum cluster 
characters for generic modules. 

We conclude the paper by showing how a general quantum cluster 
algebra depends on the coefficients and the quantization. This pro- 
vides a general framework for the correction techniques in our pseudo- 
categorification approach. 

This paper provides the geometric foundations for a joint paper by 
Yoshiyuki Kimura and the author. When constructing the bases, we 
shall use some important results of the generic characters obtained in 
that paper via Fourier-Deligne-Sato transforms. 



1.1. Motivation. Cluster algebras were invented by Fomin and Zelevinsky 
in [FZ02]. These are algebras generated by certain combinatorially-defined 
generators (the cluster variables). The quantum deformations were defined 
in [BZ05]. Since its very beginning, the theory of (quantum) cluster alge- 
bras has been related to many areas, such as Poisson Geometry, discrete 
dynamical systems, higher Techmiiller spaces, combinatorics, commutative 
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and non-commutative algebraic geometries, and representation theory, cf. 
the introductory survey by Bernhard Keller [Kell2]. 

In this paper, we restrict our attentions to the (quantum) cluster alge- 
bras themselves. Fomin and Zelevinsky stated their original motivation as 
follows: 

This structure should serve as an algebraic framework for the study of 
dual canonical bases in these coordinate rings and their q- deformations. In 
particular, we conjecture that all monomials in the variables of any given 
cluster (the cluster monomials) belong to this dual canonical basis. 

Therefore, bases of cluster algebra deserve to be put under scrutiny. The 
following two questions arise naturally. 

Question 1.1.1. 1) How to construct bases of (quantum) cluster algebras? 

2) What are the corresponding structure constants and transition matri- 
ces? 

Question 1.1.2. 1) Can we construct a "dual canonical basis" of the quan- 
tum cluster algebra, such that its structure constants are positive and it 
contains all the quantum cluster monomials. 

2) Can we identify this basis with a subset of the dual canonical basis of 
certain quantum group? 

Remark 1.1.3. We expect this basis of quantum cluster algebra to be identi- 
fied with only a subset of the dual canonical basis, because the cluster algebras 
are "smaller" than general quantum groups, cf. [GLSll]. 

Furthermore, by [FZ07] [Tra09], (quantum) cluster monomials vary little 
when the choice of the coefficient pattern changes. If such a result holds for 
the bases as well, our research in basis will be largely simplified. Surprisingly, 
at best of the author's knowledge, this problem seems has not been studied 
in literature yet. 

Question 1.1.4. How does the bases data depend on the choice of the coef- 
ficients and quantization? Are they controllable? 

The final motivation of this paper comes from the study of quantum clus- 
ter characters. In [QinlO], the author defined quantum cluster characters 
over the rigid objects of certain cluster category, and showed that these char- 
acters describe the quantum cluster monomials of acyclic quantum cluster 
algebras. Nagao proposed a more general formula to describe the quantum 
cluster variables of general (quantum) cluster algebras based on the theory 
of non-commutative Donaldson- Thomas invariants developed by Kontsevich 
and Soibelmann (up to some conjectures), cf. [KS08] [NaglO]. The following 
question is natural from the representation theoretic point of view. 

Question 1.1.5. Can we extend the quantum cluster character to generic 
objects, such that we obtain a generic basis of the quantum cluster algebra 
containing all the quantum cluster monomials? 

1.2. Previous context, strategies, and results. 

Previous context. Despite the many successful applications of (quantum) 
cluster algebras to other areas, the basis construction problems which mo- 
tivate their introduction remain largely open. 
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We have limited knowledge of the constructions of bases of the classical 
cluster algebras. In the approach via preprojective algebra, cf. [GLSll], 
Geifi, Leclerc, and Schroer have shown that if G is a semi-simple complex 
algebraic group and C G a maximal nilpotent subgroup, then the co- 
ordinate algebra C[A^] admits a canonical classical cluster structure whose 
coefficient type is specific. They further constructed the generic basis of 
C[iV], which contain the cluster monomials, and identified it with Lusztig's 
dual semicanonical basis of C[A^] [LusOO]. As another approach, recently, 
Musiker, SchifSer, and Williams constructed bases for classical cluster al- 
gebras arising from unpunctured surfaces with coefficients whose exchange 
matrix is of fuU rank, [MSWll] . 

Our knowledge of the bases of the quantum cluster algebras is even more 
limited. [Lamlla] [Lamllb] [DXll] [HLll] obtained partial results of Ques- 
tion 1.1.2 for quivers of finite and affine type. Standard bases and partial 
results of triangular bases have been obtained for acyclic quantum cluster, 
cf. [BFZ05] [BZU] [BZ12]. 

Deformed monoidal pseudo-categorification. In this paper, we use (deformed) 
monoidal pseudo-categorifications to give a new approach to bases of (quan- 
tum) cluster algebras. 

Monoidal categorification was used by Hernandez and Leclerc as a new 
approach to the positivity conjecture of cluster algebras, cf. [HLIO]. For a 
given cluster algebra A, we want to find a tensor category C together with a 
well behaved algebra isomorphism from A to the Grothendieck ring R oi C. 
In particular, each cluster monomial should be sent to the class of a simple 
module. In the original work [HLIO], the tensor category C is the tensor 
category of certain finite dimensional modules of certain quantum affine 
algebra, and the isomorphism is obtained by comparing the (truncated) q- 
characters of these modules with cluster characters. 

Therefore, we easily arrive at the following naive idea: In order to con- 
structing the bases of (quantum) cluster algebras: it suffices to study bases of 
the (deformed) Grothendieck ring, and then apply the algebra isomorphism. 

In this paper, we use a similar category C for quantum loop algebras 
and construct an linear map identifying the (truncated) gt-characters with 
quantum cluster characters studied by the author in [QinlO]. Our construc- 
tion holds for general coefficients and quantizations, where this map fails 
to be algebraic, thus the name "pseudo-categorification". A key ingredient 
is the observation that the failures are mild and controllable. Therefore, in 
practice, we can still follow the above naive idea to study bases. 

Graded quiver varieties. In order to construct this monoidal pseudo-categorification, 
we need to understand the deformed Grothendieck ring and the tf^-characters. 
A second key ingredient is that we can understand them geometrically by 
using Nakajima's quiver varieties, cf. [NakOla] [Nak04]. 

Recall that Nakajima's quiver variety is just a natural generalization of the 
ADHM-construction of instantons. And his graded quiver variety is the fixed 
point subvariety with respect to a C*-action. In [Nakll], in constructing the 
graded quiver varieties, Nakajima required the quiver to be bipartite. 
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In Section 4, we introduce a new family graded quiver varieties for acyclic 
quivers which are not necessarily bipartite. In order to remove the bipartite 
restriction, we carefully change the definition of the C*-action, such that 
the resulting new graded quiver varieties (fixed point sets) still have good 
properties. Then we establish the geometric foundations of our discussion, 
and proceed to study the deformed Grothendieck rings and gt-characters 
following the arguments of Nakajima in [NakOla] [Nak04] [Nakll]. 

Moreover, as an important application, these constructions lead to an 
affirmative answer of Question 1.1.2 for acyclic quantum cluster algebras 
of specific coefficients and quantization, which will be presented in the joint 
work [KQ12] by Yoshiyuki Kimura and the author. A corollary of the answer 
generalizes a result of Nakajima [Nakll]: 

When the quantum cluster algebra contains an acyclic seed, the positivity 
conjecture is true. Namely, the coefficients of the cluster expansions of the 
quantum cluster variables are positive with respect to any chosen seed. 

Its proof depends on the Fourier-Deligne-Sato transform, cf. the recent 
work by Efimov [Efill] for an independent different approach. We shall use 
some useful results obtained in the proof. 

Main results. Via the pseudo-categorification approach introduced above, 
we use t-analogue of q-characters to realize three bases of the acyclic quan- 
tum cluster algebras for any choice of coefficients and quantizations: a dual 
PBW basis, a canonical basis, and a generic basis. For such (quantum) clus- 
ter algebras, we obtain affirmative answers and solutions of Question 1.1.1, 
1.1.2[(1)], 1.1.5. We also use the correction techniques to give an affirma- 
tive answer to Question 1.1.4, which generalizes the results in [FZ07] from 
cluster variables to bases. 

Remark 1.2.1. Notice that, by the joint work of Kimura with the author 
[KQ12], 1.1.2[(2)] has an affirmative answer for quantum cluster algebra of 
a specific choice of coefficients and quantization, while for a general choice, 
a reasonable identification which preserves the multiplications does not exist. 

It should be mentioned that, despite that the results on the generic quan- 
tum cluster characters and the quantum generic basis seem very natural, 
their proof needs the full power of the graded quiver varieties and the ex- 
istence of the monoidal categorification. For the moment, the author does 
not see any alternative approach. 

1.3. Plan of the paper. In the preliminary section 2, we recall the defini- 
tion of quantum cluster algebras arising from ice quivers together with their 
categorifications . 

In section 3, we show how the cluster expansions of quantum cluster 
variables (monomials) of quantum cluster algebras with arbitrary compatible 
pairs can be deduced from those with unitally compatible pairs. 

In section 1.2, we introduce a family of new graded quiver varieties by 
choosing a new torus action. Then we follow the statements of [Nakll] to 
construct the deformed Grothendieck ring Rt. In section 5, we define the 
i-analogue of g-characters for these graded quiver varieties. 

In section 7, we measure the failure of these characters being isomorphism. 
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Our constructions allow to quantize [Nakll] by comparing the gt-characters 
with the quantum cluster characters in [QinlO] . This step is of independent 
interest and importance, and the proofs are contained in a separated paper 
[KQ12]. 

In Section 6, we recall some results on the generic characters obtained in 
[KQ12]. With this results, in Section 8, we obtain bases of acyclic quantum 
cluster algebra for any choice of coefficients and quantizations together with 
their structure constants and transition matrices. 

Finally, in the last section, we prove the correction techniques which tells 
us how a general quantum cluster algebra depends on the choice of coeffi- 
cients and quantization. 

Acknowledgments 

The author would like to express his sincere thanks to his thesis advi- 
sor Bernhard Keller for the encouragement and discussions. He also thank 
Yoshiyuki Kimura for many useful discussions, in particular for the expla- 
nations of his previous work on the factorization of dual canonical basis and 
of Nakajima's quiver varieties. . 

2. Preliminaries 

2.1. Quantum cluster algebras. We refer the reader to [QinlO] for de- 
tailed definitions and important properties. 

Following [BZ05], we define (generalized) quantum cluster algebras over 
{R,v), where R is an integral domain and v an invertible element in R. In 
the present paper we shall only be interested in the case where {R, v) = 
{1i[v^],v) for a formal parameter v. 

Let m > n be two positive integers. Let A be an m x m skew-symmetric 
integer matrix and B an m x n integer matrix. The upper n x n submatrix 
of B, denoted by is called the principal part of B. 

Definition 2.1.1 (Compatible pair). The pair (A, i?) is called compatible 
if we have 

(1) A(-B) = 

for some nxn diagonal matrix D whose diagonal entries are strictly positive 
integers. It is called a unitally compatible pair if moreover D is the identity 
matrix In- 

Let (A, B) be a compatible pair. The component A is called the A-matrix 
of (A,B), and the component B the B-matrix of {A,B). 

Proposition 2.1.2. [BZ05, Proposition 3.3] The B-matrix B has full rank 
n, and the product DB is skew- symmetric. 

We write A{g, h) for g'^ Ah, g,h £ Z*", where ( means taking the matrix 
transposition. 
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Definition 2.1.3 (Quantum torus). The quantum torus T = T(A) over 
{R,v) is the Laurent polynomial ring Z[v^][xf, . . . ,x^], endowed with the 
twisted product * such that we have 

X3*x^ = v^^3,h)x9+h 

for any g and h in Z"*. Here for any g = {gi)i<i<n S Z™, x^ denote the 
monomial UiKiKm^t- 

We denote the usual product in T by •, and often omit this notation. 

Assume that R is endowed with an involution sending each element r to 
f, such that V equals v~^. We extend the involution of R to an involution 
(anti-automorphism) of T by defining x3 = x^ for any g G Z™. 

A sign e is an element in {—1, +1}. Denote by hij the entry in position 
(i,j) of B. For any 1 < A; < n and any sign e, we associate to -B an m x m 
matrix whose entry in position (i,j) is 

(2) Cij = S -1 \ii = j = k 

max{0, -ehik) if « / = k, 

and an n X n matrix F^^ whose entry in position (i,j) is 

{5ij \i i ^ k 

-1 {{i = j = k 

max{0, ebkj) \i i = k, j ^ k. 

Fix a compatible pair (A,i?) and the quantum torus T = TiT/^ , K). 
Notice that the quantum torus T = ?"(+, *) is contained in its skew- field of 
fractions, which is denoted by F, cf. [BZ05, Appendix]. 

In the following, we consider triples {A',B',x') such that (A',B') is a 
compatible pair and x' = {x'l,--- ,x^) is an m-tuple of elements in the 
quantum torus 

Let T„ be an n-regular tree with root to- There is a unique way of 
associating a triple {A{t), B{t), x{t)) with each vertex t of T„ such that we 
have 

(1) {A{to),B{to),x{to)) = {A,B,x), where x = (xi,--- ,Xm), and 

(2) if two vertices t and t' are linked by an edge labeled k, then the 
seed {A{t'),B{t'),X{t')) is obtained from {A{t), B{t), X{t)) by the 
mutation at k defined as below. 

Definition 2.1.4 (Mutation [BZ05]). Given any sign e, the new triple 
{A{t'),B{t'),x{t')) obtained from {A{t),B{t),x{t)) by the mutation at k is 
given by 

(3) (Aif), Bit')) = iE,{t)'^A{t)E,it),E,it)B{t)F,it)), 
and 

Xkit) * Xkit') =v^'^'^'^^'"^^<^<^^'''^'^''>^+^'^ Yl x,(t)[^»*]+(*) 

/ \ l<i<m 
(4) 

^ ^ +yA(t)(efc,Ei<,<„[-bifcW] + ej) JJ Xj{t)^~''^''^ + ^^\ 

l<j<m 

(5) Xi{t') =Xi{t), 1 < i < m, i ^ k. 
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We recall from [BZ05] that ^Ufc is an involution, and is independent of the 
choice of e. _ 

The triples {A{t), B{t), x{t)), t € T„, are called the (quantum) seeds. The 
elements Xi{t), 1 < i < m, t £ T„, are called the re- variable. The x- variables 
Xi{t), 1 < i < n, t £ Tn, are called the quantum cluster variables, and 
the monomials (with respect to the usual product •) in them are called the 
quantum cluster monomials. Notice that for j > n, the x- variables Xj{t) do 
not depend on t. 

Definition 2.1.5 (Quantum cluster algebra). The quantum cluster algebra 
^1 = A''{+, *) over {R, v) is the R-subalgebra of T generated by the quantum 
cluster variables Xi{t) for all the vertices t o/ T„ and 1 < i < n, and the 
elements Xj and xj^ for all j > n. 

The specialization A = A''\v^^l is called the classical cluster algebra, which 
is also denoted by A^. If i? = we say that A"^ and A are integral. 

Theorem 2.1.6 (Quantum Laurent phenomenon). [BZ05, Section 5] The 
quantum cluster algebra A*^ is a subalgebra of T. 

Similarly, the cluster algebra A = A?' is a subalgebra of the Laurent 
polynomial ring T| ^1-5.1 = T^. 

2.2. Coefficient types (frozen patterns). A quiver Q is an oriented 
graph, which consists of a set of vertices / = {!,... ,n} and a set of ar- 
rows Vt. For each arrow h, its source is denoted by s{h) and its target by 
t{h). Associate to /i a new arrow h which points from t{h) to s{h). Denote 
the set {h\h G 17} by $7. Define H to be the disjoint union of and Vt. Q is 
called acyclic if it contains no oriented cycles. The opposite quiver Q°p of Q 
consists of the vertices in / the the arrows in Q. Sometimes we also denote 
/ and J7 by Qq and Qi respectively. 

Example 2.2.1. The acyclic quiver Q in Figure 1 has vertices 1, 2, 3. Rs 
opposite quiver is given by Figure 2. 




Figure 1. An acyclic quiver Q 

Let (5 be a full subquiver of another quiver Q, which has vertices {1, . . . , m} 
and a set of arrows $7. We say Q is an ice quiver with principal part Q and 
coefficient type (or frozen pattern) Vt — Vt. The vertices n + 1, . . . ,m are 
called frozen vertices. 
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Figure 2. The quiver Q°p 

Example 2.2.2. Figure 3 is an example of an ice quiver with m = Q, whose 
principal part is the quiver in Figure 1. 




Figure 3. An ice quiver Q| of level 1 with z-pattern 

We associate to Q an m x n matrix^ B = (bij), whose coefficient bij is 
the difference between the number of arrows from i to j and the number 
of arrows from j to i in Q- Similarly, we associate to Q an n x n- matrix 
B = Bq. If further a compatible pair (A, i?) is given, we can construct the 
associated quantum cluster algebra A'^. 

Example 2.2.3. The matrix B = Bq associated with the quiver Q in Figure 
1 is 




The matrix B associated to the ice quiver Q in Figure 3 is 





1 


1 \ 


-1 





1 


-1 


-1 





-1 








1 


-1 







1 


-V 



Notice that this convention is opposite to that of [Nakll]. 
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The matrix is invertihle. Thus we have a canonical choice of A given by 



/ 





1 





o\ 








1 


1 











2 


1 


1 


-1 -1 


-2 





-1 


-2 


-1 


-1 


1 





-1 


\Q 


-1 


2 


1 


0^ 



Let / be a non-negative integer and Q an acyclic quiver. Denote by 
mod CQ the category of finite dimensional right CQ-modules, or equivalently 
representations of the opposite quiver Q°p. The indecomposable projectives 
are denoted by Pi. The bounded derived category D^{moA£.Q) has an 
Auslander-Reiten quiver, from which we extract the full subquiver supported 
on the vertices r'^Pj, i € I, l<d</-|-l, and delete the arrows among the 
vertices r'+^Pj, i S I. The resulting ice quiver Q is called a level I ice 
quiver with z-pattern^, where the vertices corresponding to T''~^^Pi, i ^ I, 
are chosen to be frozen. In this case we also denote it by Qf. The associated 
{I + l)n X /n- matrix B is denoted by B^ or Bf. 

Example 2.2.4. The quiver in Figure 3 is a level 1 ice quiver with z-pattern. 
The quiver in Figure 4 is a level 2 ice quiver with z-pattern. 




Figure 4. An ice quiver of level 2 with z-pattern 



2.3. Cluster category and quantum cluster variables. Let Q and B be 

given as in Section 2.2. We associate to B the cluster algebra as in [FZ07]. 
Let the base field k be the complex field C. Let be a generic potential 
on Q in the sense of [DWZ08]. As in [KYll], with the quiver with potential 
iQ,W) we can associate the Ginzburg algebra T = T{Q,W). Denote the 
perfect derived category of F by perF and denote the full subcategory of 
perF whose objects are dg modules with finite dimensional homology by 
VfdT. The generalized cluster category C = C^Qyj^-^ in the sense of [Ami09] 
is the quotient category 

C = perF/P/rfF. 

^It is said to be of z-pattern because it is the opposite quiver of the z-quiver in [Nakll, 
Section 5] when Q is bipartite. Here we take the opposite quiver because our convention 
is different from that of [Nakll]. 
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Denote the quotient functor by vr : per F — )■ C and define 

Ti = 7r(ejr), 1 < i < m 

T = ®l<j<m2~'t- 

It is shown in [Plall] that the endomorphism algebra of T is isomorphic to 

For any triangulated category U and any rigid object X of U, we define 
the subcategory pr^(X) of U to be the fuU subcategory consisting of the 
objects M such that there exists a triangle in U 

Ml Mo ^ SMi, 

for some Mi and Mq in add X. The presentable cluster category D C C is 
defined as the full subcategory consisting of the objects M such that 

M G prc(r) n prc(S"^T) and dim Ext^(r, M) < oo, 

cf. [PlalOb]. 

We refer to [PlalOb] for the definition of the iterated mutations of the 
object T. There is a unique way of associating an object T{t) = (Bi<i<mTi{t) 
of D with each vertex t of T„ such that we have 

(1) T{to) = T, and 

(2) if two vertices t and t' are linked by an edge labeled k, then the 
object T{t') is obtained from T{t) by the mutation at k. 

Let C perF denote the full subcategory prperr(r)- The quotient functor 
TT : perF — )• C induces an equivalence T ^ prQ{T). Denote by vr"^ the inverse 
equivalence. For an object M G pr^lT), we define its index indr M as the 
class [tt-^M] in Ko(perF). 

Theorem 2.3.1. [PlalOb] (1) For any vertex t o/T„, the classes [\ndTTi{t)] 
form a basis o/Ko(perF). 

(2) For a class [P] in Ko(perr), let [[P] : Tj(t)] denote its ith coordinate 
in this basis. Then we have ([indr7i(f) : Tj])i<j<m = diit)- 

Definition 2.3.2 (Coefficient-free objects). An object M in C is called 
coefficient-free if 

(1) the object M does not contain a direct summand Ti, i > n, and 

(2) the space Ext^(Ti, M) vanishes for i > n. 

For a coefficient-free object M G C, the space ExtJ(r, M) is a right H^T- 
module whose support is concentrated on Q. Thus, it can be viewed as 
a V{Q,W)-m.odule, where W is the potential on Q obtained from W by 
deleting all cycles through vertices j > n and ViQ, W) is the Jacobi algebra 
of iQ,W). Denote by : Ko{mod V{Q,W)) Ko(perF) the map induced 
by the composition of inclusions mod V{Q,W) — ?■ T>f(iT — )• perF. For any 
vertex i of Q, it sends [Si] to 

(6) E [^^r]- E Nr], 

arrows i—^j arrows Z— > j 

as one easily checks using the minimal cofibrant resolution of the simple dg 
F-module Si, cf [KYll]. 
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By the twisted Poincare polynomial of a topological space Z, we mean the 
polynomial pt{Z) = X]p(~l)^ dim HP(Z, Q). When Q is acyclic, we have the 
following construction. 

Definition 2.3.3 (Quantum CC-formula, [QinlO]). For any coefficient- 
free and rigid object M ^ T), we denote by m the class of Ext^(r, M) in 
Ko(mod kQ), and associate to M the following element in T^: 

(7) XM = 1 (Gre(Ext^(r,M)))g-5dimGre(Exti(T,M))^indT(Af)-0(e)^ 

e 

where p i{ ) denote the twisted Poincare polynomial, and Gre(Ext^(T, M)) 

is the submodule Grassmannian o/Ext^(T, M) whose C-points are the sub- 
modules of the class e in KQ{mod V{Q,W)). 

The following theorem is the main result of [QinlO]. 

Theorem 2.3.4 ([QinlO]). Assume that the quiver Q is acyclic. For any 
vertex t of T„ and any 1 < i < n, we have 

XT,{t) = Xi{t). 

Moreover, the map taking an object M to Xm induces a bijection from the 
set of isomorphism classes of coefficient-free rigid objects ofV to the set of 
quantum cluster monomials of . 



3. Quantum cluster variables via normalization 

Let Q be an ice quiver with principal part Q and B its associated m x n 
matrix. Let A'^ be the quantum cluster algebra associated with a compatible 

pair (A, B) such that A{—B) = ^ . 

Following [PlalOb], let Cq be the cluster category associated with the 

ice quiver Q. Then to each i £ I and t £ Tn, associate an object Mj(t) 
as in Section 2.3 (where Mj(t) is denoted by Tj(t)) such that Mj(to)[— 1] 
is the projective module Pi via the canonical embedding of mod —CQ into 
Cq. Furthermore, we have a map ind( ) sending each object in Cq to vector 
ind(Mi(i)) in Z"\ 

First choose Q — Q and A such that D is the identity matrix 1„. The 
quantum cluster variables take the form 

(8) x.{t)= c,,M^)x-'^'^'^^'))+^\ 

for some bar-invariant Laurent polynomials Cj^^ G Z[t^]. For general Q — Q 
and A, we have the following result. 

Theorem 3.0.5. Assume D is a matrix whose diagonal entries are equal 
to 5 £ Z>o. Then in A'^ , we have 

(9) x,{t)= ^ c,.('Z^)^'"'^^'(*)^+^^ 
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Proof. Consider the 2n x 2n-matrix 

B -Ir 
In ^ 

Denote its inverse by — Ai . Its submatrix B' = ( ^ ] is the 2n x n-matrix 

associated with the ice quiver with principal coefficient Q' and principal part 
Q. We have the objects M[{t) in the cluster category Cg,, and the map ind'. 

Notice that (Ai,i?') is a unitally compatible pair, and we have the asso- 
ciated quantum cluster algebra A'^i. 

Inspired by [Tra09, Proposition 5.1], we consider the 2n x 2n-matrix 



A2 



-D 
D BD 



The pair (A2, i?') is again compatible. In fact, one can check that A2 = 5 -hi. 
Denote the associated quantum cluster algebra by 

Since A2 is divisible by 5, we can view as a quantum cluster algebra 
over with v = and the initial compatible pair is {A2/6, B'). 

Then by sending q2 to q2 ^ A"^! is identified with A'^2- In A''2, we have 

V 

for the vectors gi^i = ind'(Mj'(t)). 

Finally, by [Tra09, Theorem 5.3] quantum F-polynomials exist. There- 
fore, the quantum cluster variables in A'^ can be written as 

V 

for some integers fi^y G Z. Notice that {X^'-'^^^lv S N"} is linearly indepen- 
dent over Z[g^2] because we can show that B is full rank. Since Xi{t) and 
Ci^y are bar-invariant, all must vanish. □ 

4. Graded quiver varieties 

We begin with constructing some graded quiver varieties associated with 
acyclic quivers. Our graded quiver varieties are different from the original 
ones in [NakOla]. Thanks to our modified definition, we can show the ex- 
istence of suitable stratifications for arbitrary acyclic quivers (Proposition 
4.3.5). To prove this and other geometric properties, we adapt Nakajima's 
original arguments in [Nak98], [NakOla]. For the convenience of the reader, 
we shall briefly review some important techniques, results, and give brief 
proofs of some properties. 

Notice that, by the dimension of a complex variety, we always mean the 
complex dimension. By default, we only consider geometric points. 
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Remark 4.0.6. It seems likely that our definition should still enjoy the link 
with quantum loop algebras established in [NakOla]. However, since Lie the- 
ory is not the major focus in this thesis, we do not recheck the link. There- 
fore, when we follow any useful arguments in [NakOla], the Lie theoretic 
expressions should be replaced with their geometric counterparts. 

4.1. Graded quiver varieties. Assume that Q is an acyclic quiver with 
the set of vertices / = { 1 , . . . , n} , such that bij < whenever i > j, cf. 
Section 2.2 for the definition of bij. 

We denote the finitely supported bigraded vectors in N'^^^ hy w = {wi{a))i^i^a& 
and the finitely supported bigraded vectors in ^^^^^"^2) hy v = {vi{a))i^a- 
Denote the associated bigraded complex vector spaces hy W = C"" = 
(Bi,aW^{a) = ei.aC"''^") and similarly y = = ei,aK(a) = ei^aC"^^""^ . 

The vectors w and v can be naturally viewed as elements in Z^^'^. For 
any d G M, define the degree shift [d] of vectors r/ = r/j(a) G ^^xiK ]-,y 
r][d]i{a) = r]i{a + d). For any two vectors rj^ = rjKa), rj^ = r]f{a) in X^^*, 
if at least one of them has finite support, their inner product is defined as 

The Cartan matrix C associated with Q is the I x I matrix whose entry 
in position {i,j) is 

^''^ '- = [-\b,\ if./i- 

Definition 4.1.1 (g-Cartan matrix). We define the linear map 

such that for each i] G Z'^^*-2+^)^ we have 
(11) 

{Cqri)k{a)=r]k{a + -)+rik{a--)- ^ hkViia + -) - ^ bkjVj{a-^)- 

i:l<i<k j'-k<j<n 

It is called a (^-analogue of the Cartan matrix C , or a g'-Cartan matrix for 
short. 

It is easy to see that Cq naturally extends to a linear map from Z^^^ to 
^/xR^ which we also denote by Cq. Furthermore, Cq commutes with [d], 
d£R. 

The g-Cartan matrix Cq is symmetric in the following sense. 

Lemma 4.1.2. For any two vectors rf^^rf G T^^^^, if at least one of them 
has finite support, we have the following identity: 

(12) r/2.Q^i[-l]=Q7?2.^i[_l]. 
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Proof. To prove the equation, it suffices to expand both sides: 
LHS = "^r]l{a) ■ (77^(0) + 7/^(a - I) - hkri}{a) - ^ bkjr}]{a - 1)) 

k,a i:i<k j'-k<j 

= ^iVkia -\) + Vkia +\)- hjVjia - ^) 

k,a j-k<j 



i: 

RHS. 



2" 2' 

i:i<k 



□ 

Definition 4.1.3 (/-Dominance). A pair {v,w) is called /-dominant ^ if 
w-CgV£ N^^^. 

Define the dominance order on the set of pairs {v,w), such that {v' , w') < 
{v,w) ifw' - Cqv' = w- Cq{v + v"), for some v" e N^^^^+i). 

We say v' < v if (v^w) < {v,w), or equivalently, if v[{a) > Vi{a), for all 
{i,a). We say w' < w if {0, w') < {0,w). 

Definition 4.1.4 (Weight order). We define the total order (weight order) 
<^ on the set of pairs {i,a), i G /, a G M, such that {i\a')<w{i,a) if a' < a, 
or if a' = a and i! < i. 

Denote the set {r? G Z^^^|%(a) = 0, V/c G I, a < 0} by E. Denote the 
set {r^[V^\^^E}hy E[]^. 

Lemma 4.1.5. 1) Cq restricts to an isomorphism from E[]^ to E. 
2) Cq restricts to an isomorphism from E to E[—^. 

Proof. Since Cq commutes with [|], it suffices to show 1). Consider the 
block matrix of the restricted map Cq[^] from E to i?, whose components 
are indexed by (i, a) x (j, 6), i,j G I, a, 6 G Z. It is lower unitriangular with 
respect to the weight order. Notice that E is bounded below. The claim 
follows. □ 

We denote the inverses of both the restriction maps by C~^. 

Let Cfc^a G N''^^^ be the unit vector concentrated at the degree (fc, a). De- 
note by pi^j the dimension of HommodCQ(-Pji Pj)-, ^ < J) namely the number 
of (possibly trivial) paths from i to j in the quiver Q. 

Lemma 4.1.6. The vector ek,a = Cq'^{ek,a) satisfies, for all k' G /, 

ifb<a+^ 
Pkk' ifb=a+\ 

Proof. Straightforward computation verifies the claim. □ 



(13) 

(^k,a ' (^k',b 



Next, we generalize the graded quiver varieties of [Nakll] from the bipar- 
tite to the acyclic case, modifying the original construction via the weight 
order defined above. 

Consider the opposite quiver Q"^ and denote its set of arrows by fi. Define 
the function e : H {±1} such that e(0) = {1}, e(0) = {-1}. Similarly, 



The / here stands for "loop" in the quantum loop algebras. 
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for a linear map Bh indexed hy h £ H, we define {eB)h = e{h)Bh. Given 
vectors v, v' in N'^^'-^^a)^ and w in N^^^, we define the following graded 
vector spaces 

r{v,v') = ®^,,a) Hom{V,{a),Vl{a)), 
L<-(u;,t;) = e(i ,,) Hom(Wi(a),Fi(a- ^)), 

1, 



L<-(t;,ti;) = e(i,a) Hom(y,(a), Wi(a - -)), 
E<-{v,v') = {®hen,a^om{Vs^h){a)X{h){(^))) © (®/Ien,a Hom(l/(^)(a), ^^^^^(a 

Notice that the weight order strictly decreases along the linear maps in the 
last three spaces. 

Consider the affine space 

(14) Rep'{Q°P, V, w) = L<'" {w, v) L<» {v, w) E<'" {v, v). 

Denote the coordinates of its points by 

{B, a, P) = {{Bh)heH, a, (3) = i{bh)hGn, (hhen^ ("i)^' (ft)^) 

= {{eabh,a)h,{®abf^Jj^,{eaa^,a)i,{®af3i,a)i). 

Define the analogue of the moment map fi : Rep* (Q'^ , v , w) — )• L*{v,v[—1]) 
such that 

H{B, a, p) = 0„g2+i a, /3)i,a 

^^^^ = ®iAY.ibh,abjl^a+l - h,a+lbh,a+l) + Oi^a+i A,a+l), 

hen 

or /u(i?, a, (3) = {eB)B + a/3 for short. 

Example 4.1.7. Let Q be given as in Figure 1. Figure 5 is an example of 
the vector space Rep* {Q°p , v , w) , where the vertices denote the {i, a)-degree 
components of W and V and the arrows denote the corresponding linear 
maps. The components in the same rows have the same i-degrees, and those 
in the same columns have the same a-degrees (or degrees for short). 

The group Gv =W^^ GL{Vi^a) acts naturally on the level set n~^{0) such 
that for g = {gi)i = {®agi,a)i e Gv, g{a) = ga, g{/3) = /3c/"\ g{bh) = 
9t{h)bhg^(iy g{bj,) = 9t{h)h9~^y Let x be the character of G^ such that 

X{g) = ni,a(det5i,a)"^. 

Define M*{v,w) to be the GIT quotient of ;U~^(0) with respect to x 
and M.Q*{v,w) to be the categorical quotient of ;U~^(0) by the action of 
G^. There is a natural projective morphism vr from Ai*{v, w) to Ai()*{v, w). 
Denote the fibre of tt over a point x G J^o*{v,w) by m*x{v,w). When 
X = 0, we also denote the fibre by C* = C*{v,w). The varieties Ai*{v^w), 
M.Q*{v,w), C*{v,w) are called graded quiver varieties. 

Remark 4.1.8. // the quiver (5°^ is bipartite, modulo appropriate degree 
shifts, our q-Cartan matrix Cg and graded quiver varieties agree with those 
defined in [Nakll]. 

For the rest of this section, we present important properties of graded 
quiver varieties. 
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deg = — I deg = — 1 deg = — ^ deg = 

Vii-l) W3{-1) < Vsi-l) ^3(0) 




W2{0) 



o Ml -I 

Vi{-I) < Wi{-1) < Vi{-1) t WliO) 

Figure 5. Vector space Rep' {Q°p , v , w) 

4.2. Ungraded quiver varieties. Let V and W be finite-dimensional I- 
graded complex vector spaces (without a-grading). In analogy with the 
previous subsection, we have vector spaces 

L{V,V) = eiHom{Vi,Vi) 
L{W,V) = e^Uom{Wi,Vi) 
L{V,W) = (BiUom{V^,Wi) 
EiV, V) = (BheH Horn Vt^^))- 

Consider the symplectic vector space Rep{Q°P, V, W) = L(W, V)®L{V, W)® 
E(y,V). The associated moment map fi : Rep{Q°P,V,W) L{V,V) takes 
a point {B, a, /3) of Rep{Q°P, V, W) to 

n{B,a,f3) = {eB)B + al3. 

Following the arguments of [Nak98], we consider the GL(l/)-variety /i~^(0), 
and fix the character x of GL{V) such that xid) = Ylii'^^^ 9i)~^ • Then 
we can construct the geometric invariant theory quotient (GIT quotient for 
short) Ai{V, W) with respect to x and the categorical quotient M.q{V, W) by 
the action of GL{V) together with the projective morphism vr : M{V, W) — )• 
Mo{V,W). 

The points in Aio{V, W) are in bijection with the closed orbits in /i^^(O). 
A point {B,a,f3) in such a closed orbit is called a representative of the 
corresponding point in A4o{V, W), which is denoted by [B, a, Let /i~"^(0)* 
be the open subset of ^~^(0) consisting of the x-stable points. It is well 
known that GL{V) acts freely on /i~^(0)*. Therefore, the points of A4{V, W) 
are in bijection with the orbits of /i~^{OY. Again, a point {B, a, 13) of such a 
free orbit is called a representative of the corresponding point in M.{V, 11^), 
denoted by [i?,a,/3]. 
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Proposition 4.2.1 ([Nak98, Corollary 3.12]). The variety M{V,W) is 
smooth. 

Given any two vectors v, v' such that v > v' with respect to the dom- 
inance order, there is a natural embedding of M.o{V,W) into Aio{V' ,W) 
given by extending the coordinates of the representatives by zero. Take all 
possible V and define Mo{W) = L)vMq{V,W) to be the direct limit of all 
the embeddings. It is possibly infinite dimensional, cf. [NakOla, 2.5]. 

Let [B, a, /3] be a point in M.{V, W) and let x = {B, a, 13) be its represen- 
tative. Suppose that we have a S-invariant filtration of V 

C F° C C . . . C F* = F, 

where I ma C F^. Let grgo; denote the morphism from W to such 
that its composition with the inclusion F" — )■ y is a. Let gro/3 denote 
the restriction of f3 to F^. For 1 < s < t, let gr^-B denote the endomor- 
phism which B induces on jp^-'^ and giB = (Bi<s<tS^s^ the endomor- 
phism on (Bi<s<tF^ / F^~^ . The induced representative grx is defined to be 
(grS, grgo, gro/3), cf. [Nak98, Definition 3.19]. 

Proposition 4.2.2. [Nak98, Proposition 3.20] Let [B,a,/3] be a point in 
Ai{V,W) and let x = {B,a,(3) be its representative. Then there exists a 
B-invariant filtration of V 

c F° c F^ c . . . c F* = y, 

such that Ima C F^ and the induced triple grx = (gri3, grga, grg/?) is a 
representative o/ 7r([B, a, /3]). 

If G is a subgroup of G^, we denote by (G) the conjugacy class of G. 
There is a natural stratification M.q{V,W) = \J^Q^AiQ{V,W)^Qy such that 
each stratum is the set of the points [B,a, P] which have representatives 
{B,a,P) with the stabilizers in the conjugacy class (G). 

Proposition 4.2.3 (3.27,[Nak98]). Let [S,a,/3] be a point in MoiV,W)^Q^ 

for some nontrivial G. Then there is a representative {B,a,f3) and a de- 
composition 

v = v^(B (yi)®^'i e • • • e {v'')®^\ 

such that we have 

(1) B{V'^) C for each summand V'^ , < s < r; 

(2) if s ^ s' , there is no isomorphism from to that commutes 
with B; 

(3) Im a is contained in , and is contained in Ker (3 for all s > 0; 

(4) the restriction of{B, a, (3) to has the trivial stabilizer in Hie/ GL{V^); 

(5) the subgroup Hie/ ^-^(^/) Tweets G only in the scalar subgroup C* C 
GL{V); 

Remark 4.2.4. Restricting the equation fj,{B,a,P) = to each summand 
, s > 0, we see that is a module over the preprojective algebra asso- 
ciated with with respect to the restriction of the B-action. It has the 
minimal possible stabilizer C* and a closed orbit under the GL{Vf) ac- 
tion. Therefore, it is a representative of a point in the categorical quotient 
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We call Mo{V, l^)({i}) the regular stratum and denote it by Mo^'^^iV, W). 
It is known that the restriction of vr gives an isomorphism from 7r~^(7Wo'^°^(^) W^)) 
to Mo'^^{V,W). 

Assume x is a point in Mq^'^^{V^ , W), which is naturally embedded into 
a quotient Mo(y,W). Let T be the tangent space of Mo^'^^{V,W) at x. 
Since M-o'^^^iV^jW) is non-empty, {V'^,W) is /-dominant. Define W-^ = 
(^dimH/-Cdimyo^ Y± ^ (j-.dimy-dimV'O^ j^^ve the following theorem 

Theorem 4.2.5 (Theorem 3.3.2, [Nak04]). There exist neighborhoods U, 
Ut, of X e Mq{V,W), G T, G Mq{V^,W^) respectively, and 
biholomorphic maps U ^ Ut x U-^ , tt~^{U) — )• Ut x vr"-*^ ([/-'-), such that the 
following diagram commutes: 

M{V,W) DTT-\U) —3-^ Ut XTT-\U^) C T x M{V^,W^) 

IXTT 

Mo{V,W)d U UtxU^ cTxMo{V^,W^) 

In particular, the fibre mx{V,W) = ^'^{x) is biholomorphic to the zero 
fibre C{V^,W^) over £ Mo{V^,W^). 

For any two /-graded vector spaces V, V, define L{V, V) = (Bi Hom(Vi, V-), 

For a point {B,a,(3) E /i~^(0), we consider the following complex 

(17) L{V, V) A E{V, V) e L{W, V) L{V, W) % L{V, V), 
where d/i is the differential map of fi, and for ^ G L{V, V), we have 

(18) i{0 = {(BheniBh^ - ^Bh)) e i-^a) m. 

Then the tangent space oi MiV, W) at [i?, a, /3] is isomorphic to the middle 
cohomology of this complex. 

4.3. Graded quiver varieties as fixed point sets. Let V and W be as 
in Section 4.2. Using the fixed point technique developed in [NakOla], we 
can deduce the properties of our graded quiver varieties from their ungraded 
version in Section 4.2. 

Choose a torus action^ of C* on Rep((5°P, V, W), such that for any e G C*, 
we have 

e{a,P,bh,hj^) = (e"a,e"/3,e2(«W-<W)6^,e2(„-s(h)+t(h))^)_ 

Taking into account of the natural action of GL(W) on Rep((5°P, y, TV), 
we get a group action of GL{W) x C* on this space. 

Since the actions of GL{W) x C* and GL{V) commute, GL{W) x C* acts 
on the quiver varieties MiV, W) and M.q{V, W) and it commutes with the 
projective morphism vr. 

Take a pair (s,e), such that s G GL{W) is semisimple, and e is not a 
root of unity. It generates a cyclic subgroup, whose closure with respect 
to the Zariski topology is denoted by A. As in [NakOla], let [i?,a,/3] be a 



^The choice is not unique. In fact, different choices might give isomorphic graded quiver 
varieties. 
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point Ai{V,W)^ and {B,a,l3) be any representative of it. There exists a 
group homomorphism P[B,a,i3) from A to GL{V) such that for any element 
a e ^, we have a{B,a,f3) = p(^B,a,p){'^)~^{B,a, P). The conjugacy class of 
P{B,a,i3) is independent of the choice of the representative {B,a,/3) because 
the actions of GL(y) and A commute. So we can denote it by [p[_b,q,,/3]]. 

Lemma 4.3.1 ([NakOla, Section 4.1]). The map from MiV,W)'^ to the 
conjugacy classes of the group homomorphisms from A to GL(V), sending 
[B,a,l3] to [p[B,a,i3]]j ^-s locally constant. 

Proof. Since A is generated by the element a = (s,e), it suffices to study 
the conjugacy class [p[B,a,(5]{a)]. 

First, we show that [/3[_b,o,/3] (o)] is continuous in [B,a,(3]. Recall that 
p~^{0)^ is a principal GL(y)-bundle over M.(y,W). Denote the fibre map 
by p. Take a trivialization. Let U be any chart. For any continuous curve 
[xit)], < t < 1, the curve [x^it)] = Un[x{t)] in UnMiV, W)"^ can be lifted 
to a continuous curve = [x^{t)]x{e} in {UxGL{V))np-^{M{V,W)^), 

where e denotes the identity of GL(y). Then the fibre coordinates of the 
continuous curve a~^x^{t) are described by Px{t){o)- Recall that the transi- 
tion between different charts is given by conjugating. Therefore, the conju- 
gacy class (a)] is continuous on the curve 

Since s is semi-simple and p : A ^ GL(y) is a group homomorphism, 
the Jordan form of Px{t){0') is a discrete subset in the set of the conjugacy 
classes of GL{y). Therefore, is locally constant. □ 

We denote the collection of the points [B, a, /3] with the common con- 
jugacy class [p\ by Ai{[p\). Then A^([/9]) is a union of connected compo- 
nents of M{V, W)^. It follows that we have t^M{V, W)^ = U[p]7rA^ ([p]) = 
U[p]7rA4([/f3]). Denote each stratum vrA^ ([/?]) hy Mq{[p]). 

Fix the conjugacy class [p\. Using the eigenvalues and the eigenspaces 
of s and p{s,£), we can endow W and V with gradings. Assume W and 
V have eigenspace decompositions W = (BiWi = (Bi-ai^zWi{a), V = (BiVi = 
®i;aezVi{a + I), where Wi{a) and Vi{a + ^) have eigenvalues e2(an+i-i)^ 
g2((a+2)n+j-i) respectively. Associate to [p(s,e)] the bigraded vectors w = 
(dim Wi(a)), v = {dim Vi{a)). We can identify A^([p]) with the graded quiver 
variety Ai'{v,w). Similarly, the graded categorical quotient M.o'{v,w) is 
identified with the subvariety A^o([p]) of MoiV, W). 

Remark 4.3.2. If we take the C* -action in [Nakll], the representatives of 
the fixed points in the sub-varieties A4{[p]) do not take the form of represen- 
tations of the quiver in Figure 5. For example, let the quiver Q be given by 
Figure 1. For simplicity, let us assume W2 = 0. Then these representatives 
are representations of the quiver in Figure 6, where the black arrows arise 
from those of , the green arrows arise from those of Q, and the orange 
arrows correspond to the linear maps ai{a), f3i{a), i G I , a £ 
Such representations do not suit our purpose. 

The graded version of Proposition 4.2.1 implies that the graded quiver 
variety M.*{V,W) is smooth. 
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VF3(2) 



VF3(3) 



W^3(4) 



^3(1) 



^3(2) 



^3(3) 



V3(4) 



^2(1) 




V2(4) 



Vi{l) Vi{2) yi(3) Vi(4) 

Wi{l) Wi{2) Wi{?,) Wi{A) 

Figure 6. The vector space Rep"(Q°P, f , for Q acyclic 
and the C*-action of [Nakll] 

Proposition 4.3.3 ([Nak94, Corollary 5.5] [NakOla, Proposition 4.1.2]). 
M{[p\) is homotopic to C{V,W) (1 M{[p]). 

Proof. By using Slodowy's technique [Slo80, Section 4.3], Nakajima has 
shown that M{V,W) is homotopic to C{V,W) in [Nak94], and he has also 
proved this proposition with a different GL{W) x C*-action in [NakOlaj. 
The technique remains valid here. We shall briefly recall it. 

Equip the space rep{Q°P, V, W) with the C*-action such that we have 
e{Bh, Bj^, a, f3) = {Bh,eBj^,a,el3) for any e S C*. It commutes with the 
G-L(y)-action. Furthermore, the set of the stable points )U~^(0)** is invariant 
under this action. Therefore, we obtain a C*-action on Ai{V, W). We have 



Now the technique of Slodowy [Slo80, 4.3] implies that, via this C*-action, 
M{V,W) retracts to a neighborhood of C{V,W), such that C(y,W) is a 
strong deformation retract of this neighborhood. 

Because our A-action commutes with this C*-action, we can apply the 
above constructions to the ^- fixed subsets Rep*(Q°^, v, w), M.*{v, w), C*{v, w) 
Then the proposition is verified. □ 



Let us define >lo"^^(^',u') = Mo"^^{[p]) = TT{TT-\Mo'^^iV,W))nM{[p])) 



Then the morphism vr is an isomorphism from ■K~^{AiQ*^'^^(v, w)) to Aio*^^^{v, 

The maps in Theorem 4.2.5 commute with the GL(W) x C* action. Re- 
strict the maps to the subvarieties A4'{v,w), Ai'{v-^,w-^) of Ai{V,W), 
A4 {V'^ , VF"*" ) respectively. We obtain a transversal slice theorem for graded 
quiver varieties. 

Theorem 4.3.4 (Transversal slice). Assume x is a point in A4o*'^'^^ {v^ , w) , 

which is naturally embedded into a quotient AiQ'{v, w). Let T be the tangent 
space of A4o*^'^^{v,w) atx. As{v^,w) is I -dominant, define = w — CqV^ , 
y-^ = v — v^. Then there exist neighborhoods U, Ut, U-^ of x G M.q* (y,W), 
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C{V,W) = {[x] G M{V,W)\ lim e[x\ exists}. 
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G r, G M-o*{v ,w ) respectively, and biholomorphic maps U — )• Ut x 
JJ-^ , 7r~^(C/) — )• Ut X 'it^^{U-^), such that the following diagram commutes: 

M'{v,w) D7r-^{U) C/t X 7r-i([/^) C TxM{v^,w^) 

TT 

Mo'{v,w)D U 

In particular, the fibre m*xiv,w) = Tr^^{x) is biholomorphic to the zero 
fibre C*{v^,w^) over £ Aio*{v-^,w^). 

Proposition 4.3.5. We have a stratification 

(20) Mo'iv, w) = U(^,,^)>(^,^)>[o"''^K, ^^)- 

In particular, the variety AiQ*{w) = L)vAi()*{v,w) has a stratification 

Proof. It suffices to sfiow 

(21) tt{M{V, W)^) = Uv'7r{TT-\Mo'''^{V', W)) D M{V, W)^) 

for each pair of vector spaces {V, W). Then we obtain (20) by restricting (21) 
to the subvariety Aio'{v, w) = Aio{[p]) for the conjugacy class [p] associated 
with {v,uj). 

We claim that every point [B,a,f3] of 7r{Ai (y,W)'^) is contained in the 
right hand side of (21). Using Proposition 4.2.3 and Remark 4.2.4, we see 
that [B,a,l3] belongs to some Aio{V,W)^Qy If G equals {e}, the claim is 
true. Otherwise, choose the representative {B, a, /3) in Proposition 4.2.3 and 
consider the B actions on all the summand , s > 0. If the actions are 
trivial, [B,a,/3] lies in the regular stratum M.o'^^^{V^ ,W), and the claim 
follows easily. If the action is nontrivial for some y**, s > 0, we obtain 
a point other than in the categorical quotient A^o(^'^)O). Because the 
GL(VF) xC*-action is compatible with the decomposition of V in Proposition 
4.2.3, P(^B,a,i3) stabilizes the decomposition. Let be the bigraded vector 
associated with the Q,_^)-action on V^. As in Remark 4.2.4, is a 
representative of a nonzero point in A4q*{v^,0). However in our setting 
A^o*(^^'*jO) is the categorical quotient of the t>*-dimensional representations 
of some acyclic quiver, which is always equal to {0}. This contradiction 
implies that the S-action on must be trivial. □ 

Remark 4.3.6. When Q is of Dynkin type, the ungraded version of the 
proposition holds, cf. [NakOla, Proposition 2.6.3]. However, it does not nec- 
essarily hold when Q is not of Dynkin type, cf. Example 10.10 in [Nak98]. 
In general, whether the proposition is true or not depends on the choice of 
the GL{W) X C* -action. 

Let m be any integer. Following [NakOla, Section 2.8], we define a C*- 
module structure L{m) on C by 

(22) e-v = e^v, 

where e G C*, t> G C. 

For a C*-module M, we denote the C*-module L{m) (8>c M by q"^M. 



IXTT 
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As in [2.9, [NakOla]], /x~i(0)" is a principal GL(y)-bundle over MiV, W). 
Therefore, for any i £ I, we can view the vector space Vi as an associated 
vector bundle by using the natural GL{Vi) action. Also, it is naturally 
a GL{W) X C*-equi variant vector bundle such that GL(W) acts trivially. 
Similarly, we view Wi as a GL{W) x C*-equivariant vector bundle over 
M{V,W) by using the GL(Wj) x C* action such that C* acts trivially. 

For each k £ I, we have the following complex = {ak, t^) of GL(W) x 
C*-equivariant vector bundles: 

(23) 

where cTfc = ieheH,s{h)=kBh)ef3k, = Ehm^t{h)=k Bh-^hen,t(h)=k ^h+^^k 
are GL{W) x C*-equivariant morphisms. This complex is just the complex 
in [Nak98][4.2] with a modification of GL{W) x C*-action. Let the middle 
term be the degree component. 

Proposition 4.3.7 ([NakOla, Lemma 2.9.2, Lemma 2.9.4]). Fix a point 
[B,a,l3] G Ai{V,W) and consider as a complex of vector spaces, k £ I. 

1) The cohomology H~^(C'^) vanishes. 

2) If the image 7r([i?, a, /3]) G Aio{V,W) is contained in some regular 
stratum Mo'^'^iV, W) C Mo{V, W), then V equals V if and only if H^C^) 
vanishes for all k € I. 

Fix a graded quiver variety M.*{v, w) = M.{[p]). Let (C^)* be the restric- 
tion of to Ai*{v,w). Then the complex (C^)* decomposes as 

(24) {cir = (B,^^^cm, 

where the complexes C^b) = (o"fc(6), rjt(6)) are given by 
(25) 

q-^-Vk{b) ^ ((®,.<fcg'('-'-"V,(6)®'''^-) e {(Br.jykq^^'-'^V.ib - l)®"^^) q-^Wk{b - I)) 

^Vk{b-l). 

The decomposition commutes with the ^-action. 

We have the following analogue of Proposition 4.3.7 in graded cases. 

Proposition 4.3.8. 1) The cohomology H^^{{C^)*) vanishes. 

2) The image vr([i?, a, /?]) G Mq*{v, w) is contained in the regular stratum 
Mo*^'^^{v,u]) if and only if H^{{G^)') vanishes, VA; G /. 

Proof. Part 1) follows from Proposition 4.3.7 by restriction. For part 2), we 
additionally use Proposition 4.3.5. □ 

Theorem 4.3.9. Ai*{v,w) is connected. 

Proof. The statement follows from the arguments in the proof of [NakOla, 
Theorem 5.5.6]. Notice that, since our GL(W) x C*-action is different from 
that of [NakOla], we don't need the condition \bij\ < 1, 1 < < ^^, in 
[NakOla, Theorem 5.5.6]. □ 

As a consequence, the smooth variety Ai*{v,w) is irreducible. 
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Proposition 4.3.10 ([NakOla, Corollary 5.5.5]). On a nonempty open sub- 
set of M.'{v,w), we have 

(26) codimlmTfc(6) = max(0, - rank(Cfc(6))). 

Lemma 4.3.11. (rank(C^)*)fce/ equals w — CqV. 

Proposition 4.3.12. M.q''^'^^ {v , w) is non-empty if and only if {v,w) is 
l-dominant. 

Proof. This follows from Proposition 4.3.8 4.3.10 and Lemma 4.3.11. □ 

Remark 4.3.13. For any given vector w, by induction on its width with 
respect to the weight order, one can prove that there are only finitely many v 
such that {vjw) is I — dominant. Then Propositions 4-3.12 and 4-3.5 imply 
that AiQ*{w) = U^Ado* {v,w) is finite dimensional. 

Corollary 4.3.14. Let {v,w),{v^ ,w) be l-dominant pairs. Then we have 
_y\4j^»reg(^^o^ t(;) C Mo"'''^{v, w) if and only if (1;°, vu) > {v, w). 

Proof. Proposition 4.3.12 implies that both regular strata are non-empty. 
By Theorem 4.3.9, M.o'{v,w) is irreducible. Since Aio"^'^^ {v , w) is a non- 
empty open subset in Aio'{v,w), its closure equals Aio'{'v,w). 

If {v^,w) > {v,w), M.o'{v^,w) is naturally embedded into M.o*{v,w). 
Thus the only if part holds. 

Conversely, if Mq*^^^ {v'^ , w) C Mo*^°^{v,u!) = Mo*{v,w), using proposi- 
tion 4.3.5 we obtain the if part. □ 

Following [Nak04, (4.9)], for any given pairs of vectors {v^,w^) and (u^, lo^), 
we define the following complex of vector bundles over Ai*(v^,w^)xAi*(v'^,w'^): 

(27) 

l''{v\v^) ^ E<-{v\v^) e l<-{w\v'^) e l<-{v\w^) ^ L''{v\v^[-1]), 
where the middle term has degree 0, and we denote 

(28) a^HC) = {B^i - iB^) e (-ea') 

(29) r2i(C7 e / e J) = eB'^C + eCB^" + + 

The complex is exact on the left and on the right, cf. the argument in [Nak98, 
3.10]. 

Lemma 4.3.15. The quotient kei t'^^ / Im cj^^ is a vector bundle over Ai* (V^ , W^)x 
M'{V^,W^). 

Proof. By [CB J05] , any subvariety of a vector bundle over the smooth variety 
M'{v^,vj^) X A4' (v"^ , w'^) , whose intersection with every fibre is a vector 
subspace of constant dimension, is a sub-bundle. Therefore, kerr^^ is a 
vector bundle. Let (u^^)* be the transpose (or dual) of cr^^ restricted to 
kerr^^. Its kernel (kerr^^/ Imcr^^)* is a sub-bundle of (kerr^^)*. Therefore, 
ker T^^/ Im o"^^ is again a vector bundle. □ 

Denote the rank of the vector bundle ker t"^^ / Im cr^^ by d{{v^,w^), (w^, tf^)). 

Lemma 4.3.16. The rank d{{v^,w^),{v'^,w'^)) is given by 

(30) diiv\w'), {v\w^)) = iw' - Cy) ■ v'[-^] + v' ■ w'[-^]. 
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Proof. It suffices to calculate the rank of the complex. We have 

k&I,aS:Z i:i<k j-j>k 

+ iwl{a)vl{a - ^) + vl{a - ^)wl{a - 1)) 

kei,aez 

keI,aGZ 

= Y^^kia - ^)(-Cgf ^)fc(a) + wl{a)vl{a - ^) + wl{a)vl{a + ^)) 

k,a 

= RHS. 

□ 

Remark 4.3.17. Using equation (12), we can easily rewrite the quadratic 
form (30) as 

(31) d{{v\w'), {v\ w')) = v'[^] ■ {w^ - + w'[^] ■ v\ 

The reader is invited to compare this expression with [Nak04, (2.1)]. 

Let [B,a,P] be any point in M*{v,w) = M{[p]) C M{V,W). The tan- 
gent space of M*{v,w) at [B,a,j3\ is the ^-fixed part of the tangent space 
of M{y,W) at the same point. The j4-fixed part of complex (17) over this 
point is just 

(32) L<^{v,v[-l]) 4 E^^{v,v) e V.<^{v,w) e \-<^{w,v) % l<^{v,v[l]). 

Comparing it with the complex (27), we have the following result. 

Lemma 4.3.18. The dimension ofM*{v,w) equals d{{v , w) , {v , w)) . 

Theorem 4.3.19 ([NakOla, Theorem 7.4.1]). The odd homology of C*{v,w) 
vanishes. And we have a nondegenerate pairing between H^(C*{v,w)) and 

Proof. We refer the reader to [NakOla, Section 7] for the proof. This theorem 
is just a consequence of [NakOla, Theorem 7.4.1]. □ 

5. gt- CHARACTERS 

In the study of finite dimensional representations of quantum affine alge- 
bras, Nakajima invented the t-analogues of the (^-characters (gt-characters 
for short) [Nak04], which are defined as the generating series of the Betti 
numbers of the graded quiver varieties. In this section, we generalize his con- 
structions for our graded quiver varieties and introduce a new t-deformation. 
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5.1. Quadratic forms. For any two pairs of vectors {v^jW^), re- 
call that we have the quadratic form d{{v^,w^),{v'^,w'^)) given by (30), 
whose geometric meaning is explained by Lemma 4.3.18. Let us further 
introduce quadratic forms d' {{v^ ,w^), {v'^,w'^)), d'^r{w^ jw"^), and £'{^0^,10"^) 
such that 

(33) d'^{w\w^) = -w\^]-C-W, 

(34) £'{w\w^) = -w\\] ■ CgW + w^[^] ■ CgW. 

(35) d'{{v\w'), (v^w^)) = d{iv\w'), {v\w^)) + d'w{w\w^), 
Notice that (i'((0, tt;^), (0, tt;^)) equals d'y^{w^ ,w'^). 

Remark 5.1.1. Our d' and d'y^ are different from d and dw in [Nak04], 
but the properties are similar. 

Lemma 5.1.2. The following equality holds: 

(36) d'{{v\w^),{v\w'^)) = d'{{0,W^ - CqV^),{0,w'^ - CqV^)). 

Proof. We have 

^ -«-l„.,2 



d'iiv\w'), {v\ w')) = {w' - CX) • v'[--] + v' • w'[--] - w'[-] • C^W 

I. 1 1 1, 1.1 



□ 

Lemma 5.1.3. 1) For any a € Z and i,j € I, we have 

(37) <5'(ej,a,ej,a) = 0, 

(38) £'iei^a,ej,a-i) = -Pji, 

(39) £ {e-i^a—l ~l~ ^i,ai Cj,a— 1 ~l~ ^j,a) — Pij Pji- 

2) Let Bg be the 2n x 2n-matrix associated with Q\ the level 1 ice quiver 
with z-pattern whose principal part is Q. Define to be the 2n x 2n matrix 
such that for 1 < i, j < n, we have 

(40) = -f'(ei,o,ej,o) = 0, 

(41) A'^j+nj = -£'{ei-i + Cifl, ejfi) = -pij, 

(42) A'^ij+ri = -£'{eifi, Cj-i + ejfl) = pji, 

(43) A^i+„j+„ = -£'{ei-i + Cifi, _i + ej^) = -pij +Pji. 
Then A^ is the inverse of —Bq. 
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Proof. 1) The claim follows from (13). 

2) Apply the results of 1) for a = 0. The entries of are given by 

{BQ)i+n,j = -kj + [hji]+, 

for any 1 < i,j < n. Here [ ]+ is defined to be max{ ,0}. 
We have, for any 1 < i,k < n, 

(— A^Sg)j^fc = A^jj+„ • { — B~)jj^n,k 

l<j<n 

= Pki - 

j 

(-A^j+n,i) • {BQ)j^k + Yj i~^^i+n,j+n) ' {B^)j+n,k 

Y Pijbjk+ Y (Pij - Pj^)i-^Jk + [bkj] + ) 

Piji-bkj) + ^ Ki&jfc + (-Pife +Pki) 

j:j>k j-j<k 

+ Y^P^i -Pii)\'^ki] + 

3 

( Y Piji-^kj) + + ) + ( Y Pij^jk ~Pik) 

j:j>k j j-j<k 

+ (Pki - Y^[bkj]+Pji) 

j 

0- 6ik + Sik 
0, 

(A^i3g)fc+n,i = 0, 

Y Piji^kj - [bjk] + ) 

Pik - 

j 

^ik- 

□ 



i+n,k 



{—■^^ Bg)i_^.n,k+n 
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5.2. Deformed Grothendieck ring. Recall that, by Proposition 4.3.5, we 
have the stratification 

For any given pair {v,w), the map vr : M.*{v,w) — )■ Aio'{w) is proper 
since it is the composition of a projective morphism and a closed embed- 
ding. The rank-1 trivial local system over the smooth variety Ai*{v,w) 
yields a perverse sheaf 'i-M'{v,w) = C[dim A^*(z;, w)]. If {v,w) is /-dominant, 
Aio^^'^^lvjiu) is nonempty by Proposition 4.3.12. Define ICw{v) to be the 
simple perverse sheaf generated by the rank-1 trivial local system on AiQ"^'^^{v, 
By the celebrated decomposition theorem [BBD82], the sheaf TTwiv) = 
decomposes into a direct sum of shifts of simple perverse sheaves 
on Aio*{w). The results in [NakOla, Theorem 14.3.2] can be translated as 
follows. 

Theorem 5.2.1. We have a decomposition 

(44) TT^{v) = 

®v' -.(v' ,w) is I - dominant ^di^Z O^d, 

where the coefficients a'^y.^ satisfy a'^y.^ E N, a'^y.^ = a'^,.^, = Sao 

if {v,w) is l-dominant, and a,'^^,.^ vanishes unless {v' ,w) > {v,w). 

Proof. By Proposition 4.3.5, Proposition 4.3.12, Corollary 4.3.14, the sum- 
mands appearing in the decomposition of t^\{'^m'(v,w)) are shifts of sim- 
ple perverse sheaves generated by local systems over Mq*'^^^{v\w) for l- 
dominant pairs {v',w). 

The argument in the proof of [NakOla, Theorem 14.3.2] implies the fol- 
lowing results: 

(1) a^^.^ = 5do if {v,w) is /-dominant, since vr is an isomorphism be- 
tween Tr'^Mo"'''^{v,w) C M*{v,w) and Mo"'''^iv,w); 

(2) Because we have Theorem 4.3.4, the transversal slice technique in 
the proof of [NakOla, Theorem 14.3.2] is effective. It follows that 
the decomposition summands are shifts of simple perverse sheaves 
ICw{v') generated by trivial local systems. 

Finally, since '^m'{v,w) is invariant under the Verdier duality D, the sheaf 
T^wiv) is invariant as well, and therefore we have a^^i.,^ = a^^'.^- D 

Let a^y-w{t) denote the Laurent polynomial in the variable t given by 

d& 

Theorem 4.3.4 implies that we have a^,t,';^(t) = Oy^yi fl-w-Cqv{t)- 
For each /-dominant pair {v^w), we define the set 

Vw = {ICw{v)\{v.,w) is /-dominant, }. 

It is a finite set by Remark 4.3.13. 

Let Vc{Mo*{w)) be the bounded derived category of constructible sheaves 
on M.Q*{w), and Qw its full subcategory whose objects are isomorphic to the 
direct sums of the shifts of the objects in Vw- Then Q„, and Vw are stable 
under the Verdier duality D. Let K.^ be the quotient of the free abelian 
group generated by the isomorphism classes (L) in modulo the relation 
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(L) = (L') + (L") whenever L is isomorphic to L' ® L" . The group /C^u has 
a natural Z[t^]-structure such that t{L) = {L[l]). The duahty D induces an 
involution ( ) on /C«, which satisfies t{L) = t~^{L) and {ICw{v)) = {ICw{v)) 

The decomposition (44) implies that, by abuse of notation, we obtain 
that Kw has a Z[t='=]-basis {ICw{v)\{v,w) is l-dominant} and a Z[t='=]-basis 
{t^w{v)\{v,w) is /-dominant}. 

As in [Nakll], we define the abelian group lC*w = Hom^j^i] (/C^, Z[t='=]). 
Let {Lyj{v)}^ {Xw{v)} be the bases of lC*w dual to {/C^(w)}, {7r«,(w)} re- 
spectively. Define another basis {Mu]{y)\{v,w) is /-dominant} of lC*w by 

{M^{v),L) = j;t'i'-^o*'°'(-'-)-^-dimi/'=(zL„,„i.), 

k 

where x^^^ is any point in M.o*^^^{v^w), 'i'x^.w is the inclusion, and ( , ) is 
the canonical pairing. Notice that the definition of Mw{v) is independent of 
the choice of Xy^^. Indeed, it suffices to check this for the elements L in the 
basis {■7ryj{v)} and here it follows from Theorem 4.3.4. 
In the situation of Theorem 4.3.4, we have 

By the properties of perverse sheaves, we have 

(45) LM(^MUv)+ Yl t~^nt~^]MUv'). 

{v' ,w)<{v,w) 

Therefore, {Mu,(f )| (w, tw) is /-dominant} is a basis. 

Following [Nak04, Section 8], let us denote the inverse transform by 

(46) Mu,{v) = LM+ Yl Zyy,u,(t)L^{v'), 

{v' ,w)<{v,w) 

where yi-yj 

Definition 5.2.2 ([Nakll, 3.3]). DefinelZt to he the infinite rank free 1j[t^]- 
module consisting of the Junctionals (/«,) G nw^*'^' ^'^^h that {fy^, ICwiv)) 
equals (/^x, IC^±(t>-'")) for any I -dominant pairs {v,w), (w-*" , w-*" ) appearing 
in Theorem 4-3.4- 

Let M{w) = {fw')w' denote the functional determined by = M^(0) and 
L{w) = {fw')w' the functional determined by = L^(0). Then {M{w)} 
and {L{w)} are two bases of TZt. 

By [VV03], resp. [Nakll, Section 3.5], for any w, w^, uP' , such that 
+ w'^ = w, we have a restriction functor 

- — yj 

Furthermore, Res^i ^2 sends TTwiv) to 

®^i+^2=^7r^i(?;i) M 7r„2(t>2)[d((r;2, w"^), {v\w^)) - d{{v\w^), (v^, w'^))], 

where {v^,w^), {v'^,uP') are not necessarily /-dominant. 

We define Res'" = X^^i+^2=^ Res^,i [— £^'(r(;^, tf^)] for each w. Because 
these functors are compatible with Theorem 4.3.4, they induce a multipli- 
cation of TZf, which we denote by ®. 

The arguments of [VV03] imply the following result. 
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Theorem 5.2.3. The structure constants of the multiplication (8) with re- 
spect to the basis {L{w)} oflZt are positive: 

(47) L{w')®L{w^) = Y,K!^^^{t)L{^') 

withh^,^,{t)en[t^]. 

Proof. The structure constants are determined by those of the coalgebra 
structure on perverse sheaves, cf. [VV03, Section 5.1 Lemma 1(b)]. □ 



5.3. Rings of characters. Define the ring of formal power series 

(48) y = ntH[Wr{a),Vm]\e^,aez,be(z+\V 

where t, Wi{a), Vi{a) are indeterminates. We denote its product by •, and 
often omit this notation. 

Given vectors w, v as before, we let m{v,w) denote the monomial m = 
Ui,a Wj(a)"'^(") Ili.fe Vi{by^^''\ Endow y with the twisted product * and the 
bar involution ( ) such that for any two monomials = m{v^ ,w^), rn^ = 
m{v'^,w'^), we have 

(49) t = t~^, rr? = m\ 

(50) m^*m^ = t-^'{m\m^)+d'{m\m^)^l^2_ 

We follow the notation of Section 5.2. Moreover, as in Theorem 4.3.4, 
we write m.'x{v,w) for the fibre 7r~^(x) of a point x under tt : A^*(t', w) — )• 
M.Q*{v, w). Notice that the homology of the fibre H^,{m' x^^^ W , w), C) is iso- 
morphic to //^''^^*("''"')-*(ii.^^7r^('t;')), cf [CG97, 8.5.4]'. Therefore, The- 
orem 4.3.4 implies that 

{M{v,w),7rUv')) = {M{v^,w^),7r^^{v' -v"")). 

Definition 5.3.1 (t-analogue of q- characters). For any given w, define 
Xq~t{ ) to be the 'L[t^]-linear map from JC*w to y such that 

(51) X^t{) = Y.^,^.,{v))W-V\ 

V 

We can compute 

X^(L^(^;)) = ^a„.,,;^(t)M^'"y''' 

v' 

= E«-'-.0;«.(i)^"^"'- 
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Since W^V"' and CLy/^y-wit) Eire bar-invariant, Xg^( ) is bar-invariant as well. 
Similarly, we have 

v' ,k 

^ ^dimAi' (v,w)— dim Ai' (v' ,w)^dimAi'{v' ,w) — k jjk ^j^l ^ {v') C^W^V^' 

v',k 

^ J2 i.diraM'iv,w)-dimM'{v',w)^lj^^(^^.^^ ^ ^^/^ w),C)W'"V''' 
v',l 

4.^19 ^ ^div!iM'{v,w)~d:iv!iM'{v' ,w) p^(^^» ^ ^^/^ w))W'"V''' 
v> 

v'—v 

Here Pt{ ) is the Poincare polynomial ^^(— t)'^ dim ). 

Definition 5.3.2 (dual PBW elements). For any given w, define M^( w 
to he the generating series 

(52) M^iw) = x^(M„(0)) = PtiC'{v, ^y))t-'^((^:»).{^."'))^«'y^ 

V 

Notice that the summation runs over all v and {v,w) is not necessarily 
Z-dominant. 

Remark 5.3.3. By Theorem 4-3- 19, the parameter —t in Pt{ ) in Definition 
5.3.2 can he replaced hy t. 

Let E{ ;x,y) G 7j[x,y] be the virtual Hodge Polynomial, cf. e.g. [HV08]. 
Define pt{ ) to be the virtual Poincare polynomial (called the E'-polynomial 
in [QinlO]), i.e. pt{C*{v,'w)) = E{C*{v,w);t,t). It is additive with respect 
to a-partitions in the sense of [NakOla, Section 7.1], and multiplicative with 
respect to fibre products. 

Proposition 5.3.4 ([Nak04, Lemma 5.2]). We havept{C'{v,w)) = Pt{C'{v,w)) 
and pt{M'{v,w)) = Pt{M'{v,w)). 

Recall that, in IC*w, we have Mw{v) = ^(t,,^) (i)-^^to('v') ' where 
the matrix of coefficients (•Z^(i,,«,)(t,',«,)) is an upper uni-triangular matrix 
with respect to the dominance order. Therefore, we can solve the following 
equation recursively 

Mw{v) = ^ M(„_^)^(^/^^)i\4;(u'), 

v' -.(v' ,w)<{v,w) 

where the coefficients G Z[t='=]. 

Finally, we apply Xqj fo the above equation and obtain 

(53) My^^iv) = ^ U{v,w),{v',w)M^w{v'), 

v' -.(v' ,w)<{v,w) 
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Remark 5.3.5. In fact, we can compute the coefficient matrix 

and the basis transition matrix from Pt{C* {v , w)) , cf. [Nak04, 

Section 8]. 

Proposition 5.3.6 ([Nak04, Proposition 6.2]). If for all i, j e I, a, b £ Z, 

a > b, either (w^)i{a) or {nP')j{b) vanishes, then we have 

(54) M^(u;2) * M^{w^) = t^'^""''""^^ {w^ + u-^). 

Proof. As in the proof of [Nak04, Proposition 6.2], for any monomials = 
W^^V^^ ,nn? = ly"^ y*"^ , we have a complex vector bundle Z*{v^ ,w^]v'^ ,w'^) 
of rank Kerr^V Imcr^"^ = d{{v^,w^), {v'^,w'^)) over each £'(r;\ tt;^) x£'(t;^, w^) 
The set of Z'{v^ ^w^^v"^ ^uP') for various v"^, w^, gives a stratification of 
C*{v^ + v'^,w^ + w^), cf. [NakOlb, 6.12]. Using the additivity and multi- 
plicativity oi pt{ ) , we deduce 

w 

= Ypt{C*{v\w^) X £"(t>2,u;2))t-'i('^'''™')-'i(™'.'™') 

^(?(ml,m2)-(?(m2,mi)^1^2 

= P^(^•(^;^^«^^'^^x;2))^-2'^(-^™')^-^('"^-')-^(-^'"') 

= ^ pt(Z«(^;\«;^t;2,u;2))t^'(-^-')t-'^(-'™''™'-')mim2 
= RHS. 

□ 

Define the ring of formal power series 

(55) 3^ = Z[t±][[y,(a)±]]i6i,,ez, 

where t, li(a) are indeterminates. We denote its product by •, and often 
omit this notation. 

Given vectors w, v as before, we denote the monomial my = Y^~^'''" by 
mY{v,w). By (36), we have a naturally defined bilinear form d' for such 
monomials. For z G /, 6 S (5 + Z), we sometimes denote my (cj^f,, 0)""^ by 
Aifi- _ 

Endow y with the twisted product * and the bar involution ( ) such that 
for any two monomials my = my (f it;^), my = my(f^,tt;^), we have 

(56) t = t~^, rriy = my, 

(57) mi- * ml- = t-^'«,0+d'imhK)nil.ml. 

Define the Z[t^]-linear map 11 from 3^ to 3^ such that for any {v,w), it 
sends m{v, w) to my(t', w). Then it is a ring homomorphism. The t-analogue 
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of the g-character map is defined to be the Z[t ]-hnear map Xg,t{ ) from TZt 
to y such that we have 

(58) x,,t() = E^^(^'"^))^""''''- 

V 

The fohowing results follow from [VV03] and [Nak04, Theorem 3.5]. 

Theorem 5.3.7. 1) Xq}{ ) is injective. 

2) Xq,t{ ) is an injective algebra homomorphism from TZt to y. 

6. Results on generic characters 

Following Nakajima's work [Nakll], we could find a link between trun- 
cated gt-characters and cluster characters by studying certain Fourier-Deligne- 
Sato transform. This approach is the key ingredient of the first part of the 
paper [KQ12]. In this section, we recall useful results from [KQ12]. 

Let us fix the following conventions. 

• We always assume w £ f^^^i^^fi} (level 1 case). Furthermore, we 
assume v G N^^''^~2^, which is naturally identified with a dimension 
vector u G N^. 

• All the representations are those of the opposite quiver Q°p. 

• We assume the ice quiver Q is of level 1 with z-pattern. 

Since our main interest lies in quantum cluster algebras, we only study 
the truncated qt-characters in the sense of [HLIO]. By putting the above 
restrictions on the definitions of Xq~t and Xq,t, we obtain the truncated char- 
acter maps Xq~t~'^ Xq,t-^- Notice that the truncation preserves all the 
^-dominant pairs. Proposition 5.3.6 and Theorem 5.3.7 still hold for the 
truncated characters, cf. [HLIO, Proposition 6.1]. 

6.1. Fourier-Deligne-Sato transform. For each multiplicity parameter 
m = [rriiji^i G N^, define the injective (^"^-representation I*" = (Bi^ilf"^* 
and similarly the projective representation P*" = Q)i^iP®'^\ 

Let {B,a,f3) be any point of Rep*{v,w) and r any path of Q"^. Define'^ 
the homomorphism Zr to be the composition f3t(^j,^Bras[r) along the path 
/3t(.r)ras(^) if r is nontrivial and (3t(r)C(s{r) if ^ is ei for some vertex i G 

/. Notice that each Zr determines a morphism from -P^^^^'''' to 
Furthermore, we have the following result. 

Proposition 6.1.1 ([KQ12]). When v is big enough, the affine quiver va- 
riety M*{v,w) stabilizes to the affine space = Hom(P"'(°\ J'^^"^)). 

Definition 6.1.2. For each dimension vector v G N^, let J-{v,w) denote the 
variety parameterizing all the I-graded submodules X = {Xi)i^i of 
such that dimX = v. 

Since Q°'' is acyclic, the variety J-{v,w) is smooth projective and irre- 
ducible [Rei08, Theorem 4.10]. 



In [Nakll], our Zr is denoted by yr if r is nontrivial and Xi if r is d for some vertex 
i £ I. 
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We define the variety T{v,w) by 

(59) T{v,w) = {{{X,z) £ T{v,w) x | Imz C X}. 

Proposition 6.1.3 ([KQ12]). The quasi-projective quiver variety Ai'{v,w) 
is isomorphic to the variety J-{v,w). 

Let denote the natural dual space of the complex vector space E^,- 
Let us write J-'{v,w) for the annihilator sub-bundle in T{v,w) x of the 
sub-bundle F{y^w) C F{v,w) x Eyj. Its fibre over any given point X = 
{Xi) G -F(t', w) consists of the linear maps z* = (z*) G such that, for any 
point {X^z) G T{v,w), the natural pairing {z,z*) = ^^Tr(z*Zr) vanishes. 

Using the Nakayama functor z^( ), we obtain 

E*^ = (Hom(P'"(o),/'"(-i)))* = Hom(/"'(-i),i/(P"'(0))) = Hom(/'"(-i), /"-(o)). 

Lemma 6.1.4 ([KQ12]). The fibre of F{v,w)^ over any given point X G 
F{v,w) consists of the maps z* = (z*) G Hom(/"'(~^), I'^^^)) such that 

(60) z*X = 

Fix any element z* G Hom(/"'(-i), /""(o)). We define = {''Wi)i(.i to 
be the kernel of z* and denote its dimension vector by '^w. Then C^WjZ*) 
is contained in F^{'^w, w). For any 1 < z < n, is a subspace of '^Wi. 

Definition 6.1.5. For any vector w G N''^^'>^^^''^J', its coefficient-free part 
"^w G N^^'t^^''^J' and its pure coefficient part -^tf; G spanf>}{ei-i + ej^oK ^ ^} 
are defined such that w = + ■^vu and, for any i £ I, either ^Wi{—1) or 
'^u)j(O) vanishes. Let J denote the set of w such that w = '^w. 

Proposition 6.1.6 ([KQ12]). 1) The fibre of J-^{v,w) over z* is isomorphic 
to the submodule Grassmannian consisting of the v-dimensional submodules 
ofW. 

2) When z* is generic, the module is a generic representation of Q"^ 
with dimension "'w. 

6.2. Generic characters. Let the Fourier-Deligne-Sato transform from vr : 
T{v, w) — )• Ew to vr-*- : T'^{v, w) — )• E^ be denoted by Define the set 

= {ICUv) G SUpp^/C7^(f) = E*J. 

Recall that ^(/C^(u)) is a perverse sheaf over E^. 

Definition 6.2.1 (Twisted rank). For any w,w' G N'^^^~^'*'j', we define the 
integer r^w' to be 

(61) rw =r{v,w) = (-1)'^'^^ A^«*(^'"') rank ^(/C^(w)) 

if we have w' = w—CqV for some v G N^^'f 5 i such that supp '^{ICw{v)) = E^ 
and zero otherwise. 

Notice that IC{0,w) is always contained in It follows that r^^w = 1- 
Furthermore, for each fixed w, only finitely many of the are nonzero. 

The matrix (r^_^') is upper unitriangular with respect to the dominance 
order. 
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Remark 6.2.2. Our definition of Vw^w' is the twisted version of that of 
[Nakll, 6.1]. 

We define tlie almost simple pseudo-module L,{w) to be the element in the 
Grothendieck group TZt such that we have 

(62) Uw) = Y,rn.,w'Liw'). 

w' 

Denote the truncated gt-characters Xq,t-^ C^i'^)) by lj^{w). 
The following is the main theorem of the first part of [KQ12]. 

Theorem 6.2.3 ([KQ12]). The truncated qt- characters of the almost simple 
pseudo-modules in y are given by 

(63) L^(u') = Y,*~ '^''^^^'^ ^^^Pt{Gr^ <x^)y,«-c,«_ 

V 

Furthermore, the truncated characters of almost simple pseudo-modules 
have the following properties. 

Proposition 6.2.4 ([KQ12]). 1) If M is a rigid module with a minimal 
infective resolution z* G E^j, then L(u)) = L{w). 

2) If a generic map z* in E^^ has a rigid kernel, then L,{w) = L{w). 

3) In the notation of Definition 6.1.5, we have a factorization 

(64) l7{w) = l^i'f'w) ■ l7{fw). 
Therefore, we also call them the generic characters. 

7. From characters to the quantum torus 

In this section, we construct Z-linear maps from the ring of formal power 
series y in which qt-characters live to the quantum tori D(T) and T in 
which quantum cluster algebras live. Although the maps fail to preserve 
some properties of the products of gt-characters, we find that the failures 
are bearable and controllable. This observation will play a crucial role in 
later sections. 

7.1. Dual PBW basis elements. As in Section 2.2, let Q be an ice quiver 
whose principal part Q is acyclic. Using the notation of Section 2.3, we 
define the linear map ind( ) from the set of finitely supported vectors in 
N^^^ to Z™" such that ind(ej_a)) « G /, a G Z, is the vector of coordinates in 
the basis [e^F], 1 < i < m, of the index of the coefficient-free object whose 
image in the cluster category Cq is Tj[— a]. 

Lemma 7.1.1. We have, for 1 < k < n, 

(65) ind^(efc,o) = e^, 

(66) ind'^(efc _i) = Cfc+n - efc. 

Proof. The first equation is clear. 
Consider the triangle 
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in C^g^y where / is non-zero. Then / is a left approximation of in 
add(r^+i,l < z < n) in the sense of [IY08]. It follows that M is the 
coefficient-free object lifting Tj[l] and so we have ind^(efc^_i) = indM = 

fifc+n — Cfc. □ 

Let pr„ denote the projection of (respectively Z^") to the first n 
coordinates. Then pr„ ind is independent of the choice of the coefficient 
Q-Q. 

Lemma 7.1.2. We have 

(67) \nd'{w-Cgv) = \nd'{w) + B'v. 

Proof. It suffices to check the case of if = and v = Bi. _i, 1 < k < n. We 
have 

\nd\-Cgv) = -ind''(efc -1 + Ckfl) + ^ bik\nd'' {cifl) 

i:l<i<k 

+ ^ bkj\nd^{ej-i) 

j.k<j<n 

= —ek+n+ ^ bikei+ ^ bkj{ej+n — ej) 

l<i<k k<j<n 

= bk+n,k(ik+n + ^ hkei + 6 

j+n,k^i+n 

l<i<fc k<j<n k<j<.n 

□ 

Let (5 be a strictly positive integer. Denote the product of 5 with the 
rank m identity matrix 1^ by D. Let (-B, A) be a compatible pair such that 
'D\ 

■ 

Define N = max{2n, m}. Extend A into an x matrix by putting zero 
entries in the extra rows and columns indexed by either {m + 1, . . . , A^} or 
{n + 1, . . . , N}. We extend the mxn matrix B and the 2nxn matrix B^ to 
N X N matrices similarly. Notice that A(ej, Bv) = 0, for any n -|- 1 < i < A^ 
and V £ N". 

Definition 7.1.3. The double quantum torus is the Laurent polynomial 
ring 

(68) D(r) =Z[g±^][xf,...,x±,yf,...,y±], 

together with the twisted product * such that for any g^ , g^ £ TL^ , , v"^ £ 
Z", we have 

It has the bar involution ( ) given by (q^xdy^) = q~2x^y'" . 



M-B) 
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Define the quantum torus T to be the Z[g^2]-subalgebra of D{T){+,*) 
generated by xf, . . . , x^. The coefficient ring is ZP[g^2] = Z[g^2] . . . , a 

Let 7jP denote its semi-classical limit under the specialization t-^ 1. 

Next, we construct a map from y to D{T). 

Definition 7.1.4 (Correspondence map). The Z-linear map cor from y to 
D{T) is given by 

(69) corit^lV^V) = 

for any w, v, and integer A. 

Notice that cor commutes with the bar involutions. Although cor does 
not commute with twisted products *, we can measure the failure as below. 

Lemma 7.1.5 (Failure 1). We have, for any monomials = W^^V^\ 
i = l,2, 

C0rfPF"'V^' * VF"'V^') = of Anind-(«.l),ind-(«,2))„lA(ind(«,i),ind(«,2)) 

(70) 1 . 

cor(t^"' V )*cor(VF^ V ). 
In particular, the q-power does not depend on , v"^ . 

Proof. Notice that we always have A(ind tf, i?f ) = — ^pr^indu; • and 
KiBv^^Bv"^) = Siv^^v"^) -<5(f2,?;i), cf. [QinlO, 5.2.1]. Using Lemma 5.1.3 
and 7.L2, we obtain 

LHS = cor(t-^'('"'''"')+^'("''™')mim2) 
= cor(t-^'(-^-^«-''-'-^«-')mV2) 

_ ^|A^(ind^{«)i-Cgt;i),ind^{u)2-C9t)2))^indwiytiiji^indu.2yi,2 
_ ^|A^(ind^w)i+B^-«i,ind^i«2+B^i;2) iA(indiul+Bt;\ind«)2+ijt,2) 

— y 2 q 

^|A^(ind^to-'^,ind^tu^)^— |A(ind iiJ-'^jind to^) j^ind tu-'^-yAt)^ ^ j^'mdw^YV^ 

= RHS. 

□ 

Definition 7.1.6. We define the 'L[q^'i\-linear map 11 from D{T) to T such 
that it sends x^y"" to x^~^^'" . 

Notice that H is an algebra homomorphism with respect to both the usual 
products and the twisted products. 
Let us define 

(71) M^C^^iv) = covx^t^^MM), 

(72) M'^^{v) = IlM''^^K{{v)). 
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When t; = 0, we also denote them by M^^^\w) and M^{w). Exphcitly, we 
have 



RecaU that we have a similar map from y to y, which is also denoted by 
n. In general, we do not have ^Xq~t = Xq,t^- This failure is measured by 
the following result. 

Lemma 7.1.7 (Failure 2). We have 

(73) M'^M = - Cq^;)x^''+'"^^«^ 
Proof. Straightforward calculation shows 

M^Uv)= Yl ncor((M^(z;),7r^(t;')»x'"'^"')x^^'. 

= 5^ ncor((M^_c,.(0),7r^(z;' - 

v'—v 

^Bv+\r{d{w)—\r{d{w—Cqv) 

= M'^(u;-C7gt>)x-^^+'"^^'^ 

□ 

Notice that the correction factor x^'"'^'"^^i'" is contained in ZP[(7^2]. 
Proposition 7.1.8. We have 

(74) Mr^)= Yl u^0M,M^^"''''"'^'''"M^i^-C<iv)- 

{v,w)<{0,w) 

Proof. If we apply Ilcor to (53), the statement follows from (73). □ 

Proposition 7.1.9. Fix and w"^ . If for all i,j £ I and a > b £ 7j, either 
{'w^)i{a) or {w'^)j{b) vanishes, then the multiplicative property holds: 

Proof. Using (70), (73), and Proposition 5.3.6, we obtain 

M^{w'^) * M^{w^) = n(corx^-°(M(w2)) * corx^-°(M(uji))) 

^ ^|A(ind(w2),ind(u.i))-|A^{ind^(«)2),ind^{u)i)) 

ncor(x^=^0(M(«;2)) * ^<0(M(u;i))) 
= RHS. 

□ 

Let Al^i^ denote the vector space spanned by the standard basis elements 
M^{w) over ZP[g^2]. The following is the main result of this section. 
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Proposition 7.1.10. The vector space -4,^^^ is closed under the involution 
( ) and the twisted multiplication *. 

Proof. The first assertion follows from Proposition 7.1.8. It remains to verify 
the second one. 

Recall that Wi{a) is the (i,a)-th component of w, and w{a) = (BiWi{a), 
where i £ I, a £ { — 1,0}. We have M{wi{a)) = L{wi{a)). Consequently, 
M"^ {wi{a)) = Ilcorx!^-^ {L{wi{a))) is bar-invariant. Applying Proposition 
7.1.9, we obtain that M'^{w{a)) is bar- invariant. 

Use Propositions 7.1.8 and 7.1.9. For any two elements M^{w^), M'^{w'^), 
up to specified invertible elements in Z[g^2]^ M^{w^) * M^{w'^) becomes 

M'^{w^{0)) * M'^{w\-1)) * M'^{w'^{0)) * M^{w^{-1)) 

=M^{w\0)) *M^{w^{0)) *MT'{w\-1)) * M^{w'^{-1)) 

w' 

where we write w = w'^{0) + vu^{—l), w' = w — CqV, Uw^w' = ''^(0,1;;), The 
monomial x^'"'^^"^ '-"'>'" is contained in ZP[g^2] and quasi-commutes with the 
other factors. Therefore, up to specified invertible elements in 'L[q^'i], the 
above result becomes 

w' 

*M'^{w^{-l)) 

= n«,x^^'"^'"'^''Af'^(^'(0) + ^'(0) + ^^'(-1) + ^^'(-1)). 

w' 

□ 

Remark 7.1.11. (1) The above proof shows that the twisted product * 
of the standard basis elements is determined by Proposition 5.3.6 and 
7.1.8. 

(2) Notice that the map Ilcorx^-*^ is algebraic when Q is of z-pattern. 
So Proposition 9.1.2 below provides another proof to Proposition 
7.1.10. 

7.2. Dual canonical basis elements. For any /-dominant pair {v,w), de- 
fine L'^w{v) = licorx^t-^{Lii;{v)) and denote it by LT{w) when u = 0. Then 
L^{w) is given by 

V 

where the Laurent polynomials at;,o;«)(i) = Yld&z'^v o-w^'^ given by 44. 
We shall see all the quantum cluster monomials essentially take this form. 
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Lemma 7.2.1. We have 

Proof. 1) Similar to (73), we compute 
L^M = 5]ncor((L^(z;),7r^(t;')))x'"^('")x-^'^' 



^ IiQor{{Ly,_Cqv{^),T^w-Cqv{v' - v)))x'"' 



dL{w~Cqv) ^B{v' —v) ^Bv+md{w) — md{w—Cqv) 



□ 

We already know that M^(0) = Y^v Z{id,w){v,w)Lw{v)- If we apply Hcorx^-" 



to it, we obtain 



7.3. Generic basis elements. The generic basis elements l^{w) are de- 
fined to be 

(75) l7{w)= J2 r^,y,'x''^+'"'''^^^L'^{w-C,v), 

v:{v,w) is i-dominant 

where w' = w — CqV, and the integer r^ ^i is given in Definition 6.2.1. We 
have 

E t U \nd{w-Cqv)+Bv' Bv+\n6CqV 
• W,W — CqV"'v' ,0\W—CqV\H )X X 

v,v' 

-Vr n a ,^ iahx'"'^^'"^x^^''+''''^ 

/^'W,W — CqV"'v'+V,V;W\'d /'^ 



v,v' 

6 



2 



where the coefficient K" = Y^^^^^-j ;_dominant rw,w-Cqv ■ Notice that 

by" is independent of the frozen pattern. Therefore, by taking the ice quiver 
Q to be of 2:-pattern, we obtain that b^n equals the normalized Poincare 
polynomial of the corresponding generic submodule Grassmannian. 



8. Bases of quantum cluster algebras 

We keep the assumptions on the ice quiver Q and the vectors f , as in 
Section 7. 
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8.1. Generic basis. The results in Section 6 can be adapted to the generic 
basis elements h^{w) in 7~. We have the following theorem. 

Theorem 8.1.1. 1) The generic basis elements have the following expansion 

(76) lJ{uj) = i,(Gr4"W^))g-i'i^'^^^''(''^)a;'"^"'+-^^ 

2) We have a factorization 

(77) h'^iw) = iJC^w) ■ iJi^vu). 

3) We have iJ {w) = L^{w) if a generic module of dimension '^w is rigid. 

In the presentable cluster category introduced by [PlalOa], cf. [QinlO, 
2.3], Section 2.3, each G ^7 is associated with a coefficient-free generic 
object 0{w). We define the associated generic quantum cluster characters 
to be 

(78) i,(Gr4'^VF))g-i'i"°^^''(''^)x'"^«("')+^^ 

Remark 8.1.2. We can denote L,-^{w) by Xo[w)- This definition natu- 
rally generalizes the quantum cluster character formula in [QinlO, Definition 
1.2.1] to generic objects. 

It is not clear if one can extend this quantum character to arbitrary objects 
of the presentable cluster category in a reasonable way, for example, such 
that its image is still contained in . Some results for Dynkin quivers are 
discussed in [DinlO]. 

Proposition 8.1.3. For any w ^ J , we have pr„ indO(tt;) = pr„indw. 

When the ice quiver Q is the level 1 ice quiver with z-pattern, we have 
ind 0{w) = ind w. 

Proof. Because pr„ ind 0{w) and pr„ ind if do not depend on the coefficients 
Q — Q, '\i suffices to prove the second statement. 
First, the index ind w is linear in w. 

Second, the index indO(u;) is linear with respects to the components in 
the canonical decomposition of the generic objects 0{w), which are either 
generic modules or the object Pi[l\, i £ I. 

Therefore, it suffices to study the indices of modules. Let 0{uj) = M be 
any Q°^-module with the minimal injective resolution 

(79) ^ M 4 /""(-i) 4 /'"(°) ^ 0. 

Let B denote the Jacobi algebra of {Q, W). View the resolution as a short 
exact sequence in the category of B^^-modules. Denote the simple i?"^- 
modules by Sj, 1 < j < 2n. If we apply HomB°p-mod{Sj, ) to the above 
short exact sequence, we obtain a long exact sequence 

... ^ HomBop_mod(5'j,M) ^ HomBop^n.od{Sj,r^-^^) ^ Horn bop ^,^USj, I"" 
— ^ Ext]5op_^od(S'j, M) Ext^op_^Qj(S'j, I""*^ ^^) — Ext^op_mocj(5'j, /"'^"•'^ 
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Then (indM)^ = - dimHomBop^modiSj, M) + dimExt^Bop_^^^{Sj, M), cf. 
[Pal08]. 

Because M is supported on the principal part Q, dim Uomsop-rnodiSj, M) 
vanishes unless 1 < j < n. The fact that (79) is the minimal injective 
resolution of Q^^-modules implies /o is an isomorphism. It follows that wq 
is injective. 

When the quiver is of z-pattern, we have ind /i = — Cj + Cj+n, cf. Lemma 
7.1.1. Therefore Ext]3op_^oj(S'j, /"'(~^^) equals Wj-n{—i) if j > n and 
vanishes elsewhere. Furthermore, the fact that (79) is the minimal injec- 
tive resolution of the Q^^-module M implies that for any i £ I, either 

dimExt^.p_^,d(5i+n,/"(-'^) = Wi{-1) or dimExt],op_^,^{S^+n, I""^"^) = 
Wi{0) is zero. Therefore, gi is surjective. 
Therefore, we have 

(indM)j- = -dimHomBov^^od{Sj,r^'^'^) + dimHomBov-n,od{Sj,r^^^) 

+ dimExt|jop_,„d(5.-,^"^°^) 

_ / -^^j(-l) + Wj{0) if j < n 
~ \ Wj{0) + Wj-n{-l) if j > n, 

□ 

Remark 8.1.4 (Failure 3). For general Q, we have 
(80) \<nAw i^\ndO{w). 

Lemma 8.1.5. The elements in the coefficient ring 'IjP[q^2j quasi-commute 
with M^{w), L^{w), lJ{w), w G N^x{-i.o}. 

Proof. It follows from the fact that Xi, n < i < N, commutes with x^^ for 
any v G N". □ 

Proposition 8.1.6. The set {h^{w),w G ^7} is a 7jP[q^2]-basis of the vec- 
tor space Al^^. 

Proof. Notice that the matrix (r^^^,') is upper unitriangular. Furthermore, 
each element h^{w) divides into the composition of the coefficient free part 
L'^C^u;) and the pure coefficient part L'^(-^tu) G ZP[g^2]. Therefore, -4.^^^ 
is spanned by {LP'{w),'w G J^} over ZP[g^2]. 

Take any vectors w, w' in J , such that w / w' . By proposition 8.1.3, the 
vector pr„ md^w is the index of a generic object in the cluster category of 
Q. Furthermore, we have pr„ ind w ^ pr„ ind w' , cf. the proof of Proposition 
8.1.3 or [PlalOb]. Because \ndw is the leading term of l^{w) and B is of 
full rank, the set {L?'{w),w G J} is ZP[g^ 2] -linearly independent. 

□ 

Proposition 8.1.7. A'l.^^ equals A'^. 

Proof. A^^f^ is a subspace of A'^ because the latter contains {M^{w)}. If we 

take any two elements h^C^w^) * fi, h^{'^w'^) * f2, where /i, /2 G ZP[q^^], 
it follows from Proposition 7.1.10 that their twisted product still belongs 
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to Al^f^. Therefore, A^^f^ is a subalgebra of A'^ with respect to the twisted 
product. But it contains all the quantum cluster variables. Therefore, the 
two algebras must agree. □ 

Theorem 8.1.8. {h'^{w),w G J} is a 1jP[q'^2j-basis of A? . Furthermore, 
it contains all the quantum cluster monomials. 

Proof. The statement follows from Proposition 8.1.6 and 8.1.7. □ 

8.2. Dual canonical basis and dual PBW basis. Similar to the treat- 
ment of generic quantum cluster characters, for each w €z J, we normalize 
the quantum torus elements M^(w) and LP'{w) by defining 

(81) M^{w) =M^{w) ■ x'"^0{w)-\ndw^ 

(82) L^{w) =L^{w) ■ a;i"dOM-ind«,^ 
(83) 

Theorem 8.2.1. The sets {M-^{w),w E J], {L-^{w),w e J] areZP[q^^2]- 
bases of A'^. They are called the dual PBW basis and the dual canonical 
basis of the quantum cluster algebra A'^ respectively. Furthermore, all the 
quantum cluster monomials are contained in {L-^{w),w G J^}. 

Proof It suffices to show that {M'^{w),w £ J}, {L^{w),w £ J} are ZP[q^^ 
bases of A*^. Applying the truncated character map to (46), we obtain 

(84) M^{w) = L'^{w)+ Z^^^,{ql)x^''+'"'^^-''"L'^{w'), 

{v,w) is /-dominant 

where w' = w — CqV and Z^_^'(t) = ZQ^^-wii) G t^^Zlt^^]. Denote the matrix 
of the coefficients Z^,^/(g5)a;^''+i"dC,^; Z(gf). 

Similarly, denote the matrix of the coefficients r^^^ix^'"'^'"^'-''''^ in (75) by 
R and its inverse by R~^. 

Define the J ^ J matrix '^R~^ such that its entry in position (w, w') is 

w",zfqlx{-l,0}.4>m"=m' 



Denote the product Z(g 2 )i? ^hy S{q'2). Similarly, the J'x J" matrix ''^S'(g 
is defined such that its entry in position (w, w') is 



2 1 



C^S(g2))^,,, = S{q^' 

The matrix transition between {LP'{w),w G JT} and {L^{w),w G J^} is 
given by the matrix ^R~^. The matrix transition between {'L^{w),w G J^} 

and {M'^{w),we J} is given by the matrix '^S{q2). 

With respect to the dominance order, the matrices R~^ and S are upper 
unitriangular. It follows that '^R~^ and '^S are upper triangular. Notice that, 
if for w, w' in N^^'f"!''^), we have w' < w with respect to the dominance 
order, then w' must be equal to w. It follows that ^R~^ and "^S are upper 
unitriangular. Therefore, we obtain the statements from Theorem 8.1.8. □ 
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Remark 8.2.2. The transition matrices vary little when the choice of the 
coefficients and quantization change: 

1) The matrix Z can be solved recursively by a combinatorial algorithm, 
cf. [Lus90, 7.10] or [Nak04, Section 8]. Z only depends on Q. Also, the 
geometrically defined integer matrix r only depends on Q. The set {w' : 
'^w' = w"} for given w" can be calculated easily. 

2) We have Z{q2) = Z{q2) and R = r if the quiver is of z -pattern. 

8.3. Structure constants. In [Kiml2], Kimura studied the factorization 
of the dual canonical basis B^p of a certain quantum unipotent subgroup. 
Because in [KQ12], the authors identified L(w) with elements in B"p, we 
can translate his result into our setting. 

Theorem 8.3.1 ([Kiml2, Theorem 6.21]). Up to t-powers, we have the 
factorization of simples 

(85) L{w) = L(f^w)-L{fw). 

For any w^, w"^ , in J , define an element in ZP[q^2] 
(86) 



o3 



mdO{w^)+\ndO{w'^)—mdO{w'^) — \rid(w^+w'^—w'^) \ ^ iw ^md ^ w ^Bv+\ndCqV 



where v is determined by 

(87) w = W^ +W'^ - CqV. 

Theorem 8.3.2 (Positive basis). The structure constants of the dual canon- 
ical basis {L^{vu),w G J^} are given by, for any w^, w'^ in J , 



In particular, they are contained in N[g^2] [x^^-,^, . . . ,x^]. 

Proof. First consider the quantum cluster algebra A'^ associated with {B^,A^) 
Then we have ^Xq~t = Xq,t^- The truncated character Xq,t-^ is algebraic 
from Rt to D{T). Therefore, the Z[t^]-linear independent set {L^{w)} in T 
is closed under the twisted product * and the corresponding positive struc- 
ture constants are ^2 as given by (47). Using Theorem 8.3.1, we obtain 

the structure constants of the dual canonical basis {L^{w),w € J}. 

Finally, the correction technique in Proposition 9.1.2 implies the above 
result for any acyclic quantum cluster algebra. □ 

We obtain that, whatever the coefficient pattern Q — Q and the quanti- 
zation A we choose, the quantum cluster algebras containing acyclic seeds 
are strongly positive: they admit a basis in which the structure constants 
are positive. 

The following important consequence of the deformed monoidal categori- 
fication is an easy generalization of the first main result of the author's joint 
work with Kimura [KQ12] for arbitrary choice of coefficients and quantiza- 
tion. 
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Corollary 8.3.3. ( Quantum positivity [KQ12] j Any quantum cluster mono- 
mial m can he written as a Laurent polynomial of the quantum cluster vari- 
ables Xi, 1 < i < n, in any given seed with coefficients in N[q^2^ ^n+i' • • • ' -^m] • 

Proof. By the quantum Laurent phenomenon, we have 



m 



l<i<n -^i 



where = (mj)jg/, d^: = {di)i^i are sequnces of nonnegative integers and 
the coefficients Cm, are contained in 'LP[q^'2\. Notice that we use the usual 
product • in this expression. 

The quantum cluster monomial m equals L-^{w) for some w. Also, the 
quantum X- variable Xj, 1 < z < m, equals L-^{wi) for some Wi. We can 
rewrite the above equation as 

m» = (mi) * i 



The statement follows from Theorem (8.3.2). □ 

The almost simple pseudo-modules L,(w) introduced in Section 6 form a 
Z[g^2]-basis of TZt- Notice that, when the ice quiver is of z-pattern, we have 
Ilcorxq,t-'^^{w) = ^^{w) = h-^{w). Denote the structure constants of this 
basis by c^i ^2{t)- for any w^, w"^ in ^''^^''-^^''^J', we have 

w 

Because the matrix (r^,^') and the matrix of the structure constants of 
{LP'{w)} are upper unitriangular, the matrix (c^i ^2) is upper unitriangular 
as well. Therefore, for every nonzero term in the sum, we always have 
w = + w"^ — CqV for some v. 

For any , w"^, in J', define an element in ZP[g^2] 
(89) 



_ ind 0(-(ii^)+ind 0(«)^) — ind 0(«)'') — ind(«)^+ui-^— u)'^) \ ^ ui ind ^ w Bv+\r\d CqV 



where v is determined hy w = -\- w'^ — CgV. 

Theorem 8.3.4. The structure constants of the generic basis {LP'{w),w € J^} 
are given by, for any , w"^ in J , 

\J^(W^)^\J^(U?) = g5^{ind(«;l),ind(u,2))-fA-(ind-(,«l),ind-(«;2)) 



„3 



Proof. This theorem is a consequence of (77) and Proposition 9.1.2. The 
proof is similar to that of Theorem 8.3.2. □ 
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9. Change of coefficients and quantizations 

9.1. Correction technique. Given any (quantum) cluster algebra, if some 
basis of it is known, we want to ask what happens if we change the coefficients 
and the quantization. As we have seen in Theorem 8.1.8 Theorem 8.2.1 and 
Remark 8.2.2, the bases and their transition matrices vary little the Q — Q 
and A change. We shall show that this phenomenon is true in general, by 
generalizing the correction factors in the previous failures (70) (73) (80). 

Let n, m^^\ m^^^ be three integers, such that < n < m^^\m^'^\ For 
i = 1, 2, let i?*^*) be a rank m^'^ x n matrix. Let A^*) be a rank m^*) x m^*^ 
skew-symmetric integer matrix. 

Definition 9.1.1 (weakly compatible pair). The pair (S«,A«) is called 
weakly compatible if there exists an n x n integer matrix D^'^^ such that we 
have 

(90) A«(-5(*)) = 

Assume the matrices i?^*) have the common principal part B, the pairs 
(S(*),A(*)) are weakly compatible, and D^'^^ = 6D^^^ for some integer 5. A 
priori, rankD^^) is no less than rankL'(^). 

Define the associated quantum tori 

^(i)=^«(A»)=z[g±i][xf,...,x±(,] 

such that twisted product is determined by A^*^ 

Let max{m^^\m^'^^) be denoted by m. As in (68), enlarge B^^\ B^"^^ into 
m X n matrices and A^^^^ into m x m matrix by adding zero entries, and 
define the associated enlarged quantum torus 

r = r(A(2)) = z[g±i][xf,...,x±], 

such that its twisted product is determined by the enlarged matrix A^^^ 

For each i, and for any integer s > 3, integer 1 < j < s, vector G Z"% 
and polynomial 

Fj{t;yi,...,yn) = ^ bj{t;v)y'' G . . . , yj, 

where t, yi, . . . , yn are indeterminates, bj{t;v) G we define the fol- 

lowing element in the quantum torus T^^^- 

M«=x3.''V,(gi;x^*''^\...,x^''^^") 

= x'^f' 6,(gi^;)x^'''^ 

where Ck is the fc-th unite vector in Z", and a similar element in 7~^^^: 
Mf =x^^F,(gf;x^*^'^^...,x^*^^-) 
= x^f' b,iql;v)x^'''\ 
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Assume the first n coordinates of g^p and are equal, i.e. we have 
Pi'nS'j^^ = P^nfff ^ = 9j for some vector gj E Z". 

Proposition 9.1.2. Assume that B^^'^ is of full rank and bj{t;0) does not 
vanish for any 3 < j < s. If the following equation holds in T^^^ : 



(91) q-h^''H9['\si'^)M['^ * m(^) = J2 cfiq^M^ 



(1) 
j 

3<j<s 



for some coefficients Cj^\t) G Z[t^][a;„+i, . . . then there exist unique 

vectors Uj G N" such that g^ = g[^^ + g^ + B^^'^Uj, and we have 



(92) g-|A^^nPp',9^^')Mf ) * = cf\ql)M^ 



(2) 

3<j<s 



Dl,V2:fi+f2='i' 



stic/i i/iai i/ie coefficients in 7j[t^][xn+i, . . . ,x^(2)] ^'"c given by 

(93) cf(gi) = c«(gi)x^^''+^^''+^'^'"^-^f. 

Proof. Expanding LHS of (91), we obtain 

•6i(gi;7;i)62((?^;t;2)x^i"+32''+BW- 

Y q\i-9lDm'"2+9'EDWv,+vTBDWv2) 

'2- 

E 

'2 = 

(1) 

In (91), since 6j(t;0) is nonzero, the monomial x^^ in RHS must be killed 
by either another monomial x^i' in RHS or a monomial in LHS. In 

the former case, repeat this argument for x i' . Then, after finite steps, we 

obtain that for some Uj E N", x^i must equal the monomial x^i '+^2 
in LHS. Therefore, we can rewrite RHS as 

RHS = Y E ^^•('^^ ; v^)x^'^'^^'^~^'''^^^^-^\ 



q2s 
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Viewed the both sides as usual Laurent polynomial and embed them into 
the enlarged quantum torus T. We can rewrite them as 

i;i,ti2:»;i+f2=f 

j,Vj:Uj+Vj=v 

. ^Sl'^ +4" -9[''> -9^^ ^{BW-B(^mu,+v, ) _ 

In the both sides, we replace the indeterminate by and delete the 
factor 

in each monomial. Then we still have LHS = RHS, which now become 



Thus, (92) is proved. □ 

Remark 9.1.3. The quotient between the q-powers on the left of (91) and 
(92) should be viewed as the generalization of the q-power correction factor 

(2) , (2)^(2)^ , _ (2) 

in Failure 1 (70). The correction factor x'^^ ^ should be viwed 

as the generalization of the factor in Failure 2 (73). The difference g^^ —g^p 
should be viewed as the generalization of the difference of the two sides of 
(80). 

9.2. Change of (quantum) cluster algebras. 

Theorem 9.2.1. Fori = 1, 2, assume that the pair (i?^*), A^*)), i = 1,2, in 
Proposition 9.1.2 is either compatible or the matrix A^*) is zero. Denote the 
corresponding quantum or classical cluster algebras by A''^'^\ 

1) If the (quantum) cluster variables of A'^^^^ take the form Mj^\ then 
the corresponding (quantum) cluster variables of A'^^^^ are given by the cor- 

(2) (2) 

responding M- such that g^ are the extended g -vectors. 

2) Fori = 1, 2, let be a Z[g=^5] [x^^^, . . . , x^(,)]-6asis o/^'^« such 
that its elements take the form M^^'^j . If the structure constants of B^^^ are 
described by (91), then the structure constants of B^'^^ are described by the 
corresponding equation (92). 

Proof. The first statement is obtained by taking (91) to be the quantum 
exchange relation. 
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The second statement is obtained by taking (91) to be the multiphcation 
of basis elements. □ 

Remark 9.2.2. By this theorem, in order to study quantum cluster vari- 
ables and bases, it suffices to look at a special coefficient pattern with special 
quantizations, e.g. the principal coefficients with the canonical quantization. 

For special coefficient patterns and special quantizations, by categorifica- 
tion techniques we can prove that the (quantum) cluster variables of A'^^^^ 
take the form Mf \ cf. the commutative case by [CC06], [CK08], [DWZIO], 
[PlalOb], and the quantum case by [QinlO] when Q is acyclic and by [NaglO] 
in general. The first statement then implies that we have the (quantum) 
Laurent phenomenon and the existence of the (quantum) F -polynomials for 
general quantum cluster algebra A'^^'^\ 

The first statement also implies Theorem 3.0.5 for general quantum clus- 
ter algebras. 

9.3. Acyclic case. Now we can apply the correction techniques to the re- 
sults of Section 8. We simplify the proofs of previous results on bases of 
acyclic quantum cluster algebras, and we also present results about the 
bases of acyclic classical cluster algebras. 

Let the compatible pairs (sW,AW),z = 1,2, be given as in Theorem 9.2.1. 

Further assume that B = Bq for some acyclic quiver, and choose (S(i),A(i)) 
— I 1 ^ 

to be (i?^, A^). Then we can choose the Zfq aj-linearly independent subset 

B(^) of the elements of ^^^^^ to be the set {L-^(w)}, the set {M-^{w)}, or the 
set {L-^{w)}. Notice that the elements of B^"*^^ take the form Mj^^ of Proposi- 
tion 9.1.2. Define B^^) to be the subset {h-^{w),w G J}, {M-^{w),w e J}, 
{L-^{w),w G i7} in 7"^^^ respectively if A^'^-' is nonzero, or the corresponding 
classical limit if A^^^ = 0. Then the elements of B^^^ take the form Mj'^K 

Theorem 9.3.1. // ^(^^ is of full rank, then B^^^ is a 'IjP[q^2]-basis of 
^g(2)_ Furthermore, if B^'^^ is {h-^{w),w € J} or {L-^{w),w £ J} , then 
the structure constants of B^'^^ can be deduced from (92) which corresponds 
to the structure constants equation (91). 

Proof. By the proof of 8.1.6, the leading terms (terms with w = 0) of the 
elements in B^'^-' are different. Because B^"^^ is of full rank, in each Mj'^\ 

the leading term can not be killed by the other terms. Therefore, B*-^^ is 
linearly independent. 

Because B*-^-* is contained in A'^^^\ by Proposition 9.1.2, B^^^ is contained 
in A^^'^\ Using Theorem 9.2.1 and (64) or (85), we obtain that B*-^^ is 

a ZP[g=^i]-basis if it is either {h-^{w),w G J} or {L-^{w),w G J}. The 
statement concerning its structure constants also follows from Proposition 
9.1.2. 

Using the upper unitriangular basis transition matrices studied before, 
we deduce that {M-^{w), w G J} is also a basis. □ 



^The subset B'^-* is a basis of the subalgebra of ^''^^^ generated by the quantum cluster 
variables and the frozen variables Xn+i, . . . , X2n. 
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Remark 9.3.2. If we take A'^'^'> = 0, then A'^^'^^ is a classical cluster algebra, 
which we denote by A^"^^ . 

1) If we take B^^^ to be the dual canonical basis, then we obtain that 
B^^^ is the dual canonical basis of A^'^^ with positive structure constants. All 
cluster monomials are contained in 

2) If we take B^^^ to be the generic basis and the dual PBW basis, then 
this theorem generalizes the results of the dual semicanonical basis and the 
dual PBW basis in [GLSll, 16.1] to the integral form and general coefficient 
type. 

Recently, another proof of the generic basis for A^'^'^ is obtained by [GLS12] 
[Plall], which is based on cluster categories and a combinatorial result of 
[BFZ05]. 

References 

[Ami09] Claire Amiot, Cluster categories for algebras of global dimension 2 and quivers 
with potential, Annales de I'institut Fourier 59 (2009), no. 6, 2525-2590, arXiv: 
0805.1035. 

[BBD82] Alexander A. Beilinson, Joseph Bernstein, and Pierre Deligne, Analyse et 
topologie sur les espaces singuliers, Asterisque, vol. 100, Soc. Math. France, 
1982 (French). 

[BFZ05] Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky, Cluster algebras. III. 

Upper bounds and double Bruhat cells, Duke Math. J. 126 (2005), no. 1, 1-52. 
[BZ05] Arkady Berenstein and Andrei Zelevinsky, Quantum cluster algebras, Adv. 

Math. 195 (2005), no. 2, 405-455, arXiv:math/0404446v2. 

[BZll] , Quantum cluster algebras, lectures in Osaka, 2011. 

[BZ12] , Triangular bases in quantum cluster algebras, arXiv: 1206.3586. 

[CC06] Philippe Caldero and Frederic Chapoton, Cluster algebras as Hall algebras 

of quiver representations, Comment. Math. Helv. 81 (2006), no. 3, 595-616, 

arXiv : math . RT/0410187v2. 
[CK08] Philippe Caldero and Bernhard Keller, From triangulated categories to cluster 

algebras, Inv. Math. 172 (2008), 169-211. 
[CG97] N. Chriss and V. Ginzburg, Representation theory and complex geometry. 

Progress in Math., Birkhauser, 1997. 
[CBJ05] William Crawley-Boevey and Bernt Tore Jensen, A note on sub-bundles of vec- 
tor bundles, 2005, arXiv:math/0505149v2. 
[DWZ08] Harm Derksen, Jerzy Weyman, and Andrei Zelevinsky, Quivers with potentials 

and their representations I: Mutations, Selecta Mathematica 14 (2008), 59-119, 

arXiv:0704.0649v4. 

[DWZIO] , Quivers with potentials and their representations II: Applications to 

cluster algebras, J. Amer. Math. Soc. 23 (2010), no. 3, 749-790, arXiv:0904. 
0676v2. 

[DinlO] Ming Ding, On quantum cluster algebras of finite type, arXiv: 1011 . 1606. 
[DXll] Ming Ding and Fan Xu, A quantum analogue of generic bases for affine cluster 

algebras, arXiv: 1105.2421vl. 
[Efill] Alexander Ivanovich Efimov, Quantum cluster variables via vanishing cycles, 

2011, arXiv:1112.3601v2. 
[FZ02] Sergey Fomin and Andrei Zelevinsky, Cluster algebras. I. Foundations, J. Amer. 

Math. Soc. 15 (2002), no. 2, 497-529 (electronic), arXiv:math/0104151vl. 
[FZ07] , Cluster algebras IV: Coefficients, Compositio Mathematica 143 (2007), 

112-164, arXiv:math/0602259v3. 
[GLSll] Christof Geifi, Bernard Leclerc, and Jan Schroer, Kac-Moody groups and cluster 

algebras. Advances in Mathematics 228 (2011), no. 1, 329-433, arXiv:1001. 

3545v2. 



50 



FAN QIN 



[GLS12] , Generic bases for cluster algebras and the Chamber Ansatz, J. Amer. 

Math. Soc. 25 (2012), no. 1, 21-76, arXiv: 1004.2781v3. 
[HV08] Tamas Hausel and Fernando Rodriguez Villegas, Mixed Hodge polynomials of 

character varieties, Invent. Math. 174 (2008), no. 3, 552-624, with an appendix 

by Nicholas M. Katz, arXiv:math/0612668v3. 
[HLIO] David Hernandez and Bernard Leclerc, Cluster algebras and quantum affine 

algebras, Duke Math. J. 154 (2010), no. 2, 265-341, arXiv : 0903 . 1452. 
[HLll] , Quantum Crothendieck rings and derived Hall algebras, 2011, arXiv: 

1109.0862vl. 

[IY08] Osamu lyama and Yuji Yoshino, Mutations in triangulated categories and rigid 
Cohen-Macaulay modules, Inv. Math. 172 (2008), 117-168. 

[Kell2] Bernhard Keller, Cluster algebras and derived categories, 2012, arXiv:1202. 
4161. 

[Kiml2] Yoshiyuki Kimura, Quantum unipotent subgroup and dual canonical basis, Ky- 
oto J. Math. 52 (2012), no. 2, 277-331, arXiv : 1010 . 4242, doi:10.1215/ 
21562261-1550976. 

[KQ12] Yoshiyuki Kimura and Fan Qin, Graded quiver varieties, quantum cluster alge- 
bras and dual canonical basis, 2012, arXiv: 1205 . 2066. 

[KS08] Maxim Kontsevich and Yan Soibelman, Stability structures, Donaldson- Thomas 
invariants and cluster transformations, 2008, arXiv : 0811 . 2435vl. 

[KYll] Bernhard Keller and Dong Yang, Derived equivalences from mutations of quivers 
with potential, Adv. Math. 226 (2011), no. 3, 2118-2168, arXiv : 0906 . 0761v3. 

[Lamlla] Philipp Lampe, A quantum cluster algebra of Kronecker type and the dual 
canonical basis. Int. Math. Res. Not. IMRN (2011), no. 13, 2970-3005, arXiv: 
1002 . 2762v2, doi : 10 . 1093/imrn/rnql62. 

[Lamllb] , Quantum cluster algebras of type A and the dual canonical basis, 2011, 

arXiv:1101.0580vl. 

[Lus90] G. Lusztig, Canonical bases arising from quantized enveloping algebras, J. Amer. 

Math. Soc. 3 (1990), no. 2, 447-498. 
[LusOO] , Semicanonical bases arising from enveloping algebras. Adv. Math. 151 

(2000), no. 2, 129-139. 
[MSWll] Gregg Musiker, Ralf Schiffler, and Lauren Williams, Bases of cluster algebras 

from surfaces, 2011, arXiv: 1110.4364v2. 
[NaglO] Kentaro Nagao, Donaldson-Thomas theory and cluster algebras, 2010, arXiv: 

1002.4884. 

[Nak94] Hiraku Nakajima, Instantons on ALE spaces, quiver varieties, and Kac-Moody 

algebras, Duke Math. J. 76 (1994), no. 2. 
[Nak98] , Quiver varieties and Kac-Moody algebras, Duke Math. J. 91 (1998), 

no. 3. 

[NakOla] , Quiver varieties and finite- dimensional representations of quantum 

affine algebras, J. Amer. Math. Soc. 14 (2001), no. 1, 145-238 (electronic), 
arXiv: math/9912158. 

[NakOlb] , Quiver varieties and tensor products, Invent. Math. 146 (2001), no. 2, 

399-449, arXiv:math.QA/0103008. 

[Nak04] , Quiver varieties and t-analogs of q- characters of quantum affine alge- 
bras, Ann. of Math. (2) 160 (2004), no. 3, 1057-1097, arXiv:math/0105173v2. 

[Nakll] , Quiver varieties and cluster algebras, Kyoto J. Math. 51 (2011), no. 1, 

71-126, arXiv:0905.0002v5. 

[Pal08] Yann Palu, Cluster characters for 2-Calabi-Yau triangulated categories, Ann. 

Inst. Fourier (Grenoble) 58 (2008), no. 6, 2221-2248, arXiv :math/0703540v2. 

[PlalOa] Pierre-Guy Plamondon, Cluster algebras via cluster categories with infinite-di- 
mensional morphism spaces, 2010, arXiv : 1004 . 0830vl. 

[PlalOb] , Cluster characters for cluster categories with infinite- dimensional mor- 
phism spaces, 2010, arXiv: 1002.4956v2. 

[Plall] , Categories amassees aux espaces de morphismes de dimension infinie, 

applications, Ph.D. thesis, Universite Paris Diderot - Paris 7, 2011, http:// 
people .math, jussieu.fr/~plamondon/plainondon_these .pdf . 



qt-CHARACTERS AND BASES 



51 



[QinlO] Fan Qin, Quantum cluster variables via Serre polynomials, with an appendix by 
Bernhard Keller, to appear in Journal fiir die reine und angewandte Mathematik 
(Crelle's Journal), arXiv: 1004.4171, doi : 10 . 1515/CRELLE. 2011 . 129. 

[Rei08] Markus Reineke, Framed quiver moduli, cohomology, and quantum groups, J. 

Algebra 320 (2008), no. 1, 94-115, doi : 10 . 1016/j . jalgebra. 2008 . 01 . 025. 
MR 2417980 (2009d:16021) 

[Slo80] P. Slodowy, Four lectures on simple groups and singularities. Communications of 
the Mathematical Institute, Mathematical Institute, Rijksuniversitet Utrecht, 
1980. 

[Tra09] Thao Tran, F-polynomials in quantum cluster algebras, 2009, arXiv:0904. 
3291vl. 

[VV03] M. Varagnolo and E. Vasserot, Perverse sheaves and quantum Grothendieck 
rings. Studies in memory of Issai Schur (Chevaleret/Rehovot, 2000), Progr. 
Math., vol. 210, Birkhauser Boston, Boston, MA, 2003, pp. 345-365, arXiv: 
math/0103182v3. MR MR1985732 (2004d:17023) 

Fan Qin, Bureau 7C01, Universite Paris Diderot - Paris 7, Institut de Mathe- 
MATiQUES DE JussiEU, UMR 7586 DU CNRS, 175 RUE DU chevaleret, 75013, Paris, 
France 

E-mail address: qinfan@math.jussieu.fr 



